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Abstract
We calculate the curvature power spectrum sourced by spectator fields that are excited repeatedly
and non-adiabatically during inflation. In the absence of detailed information of the nature of
spectator field interactions, we consider an ensemble of models with intervals between the repeated
interactions and interaction strengths drawn from simple probabilistic distributions. We show that
the curvature power spectra of each member of the ensemble shows rich structure with many features,
and there is a large variability between different realizations of the same ensemble. Such features
can be probed by the cosmic microwave background (CMB) and large scale structure observations.
They can also have implications for primordial black hole formation and CMB spectral distortions.
The geometric random walk behavior of the spectator field allows us to calculate the ensemble-
averaged power spectrum of curvature perturbations semi-analytically. For sufficiently large stochas-
tic sourcing, the ensemble averaged power spectrum shows a scale dependence arising from the time
spent by modes outside the horizon during the period of particle production, in spite of there being no
preferred scale in the underlying model. We find that the magnitude of the ensemble-averaged power
spectrum overestimates the typical power spectra in the ensemble because the ensemble distribution
of the power spectra is highly non-Gaussian with fat tails.
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1
1 Introduction
Cosmic inflation provides a causal mechanism for generating the seemingly acausal initial conditions
for structure formation. However, the detailed physics driving inflation, and its connection to well
tested microphysics of the Standard Model is not well understood. Phenomenologically, a slowly
rolling single scalar field driving inflation is sufficient to explain most current observations (roughly
scale-invariant, and Gaussian primordial fluctuations [1, 2]), though puzzles remain [3], and new
opportunities for probing the detailed physics of inflation are on the horizon [4–8].
Motivation: The field content and their dynamics during inflation might be simple. However,
most high-energy completions of the Standard Model include many interacting fields at inflationary
energies [9], whose dynamics need not a priori be simple. It is still plausible that the field content
during inflation is rich, and their dynamics are complex, leading to features in the power spectrum
and higher-point correlators (see, for example, [6, 8, 10]) which might have been missed in the data
so far. Important consequences might also arise from features in the power spectrum that lie beyond
the scales relevant for the cosmic microwave background (CMB) and large-scale structure (LSS),
but could be relevant to, for example, primordial black hole formation [11, 12], reheating [13, 14],
and CMB spectral distortions [7, 15]. In this paper, we provide some relatively model-independent
results regarding the form of curvature perturbations in such “non-trivial” inflationary scenarios.
Modeling Complex Scenarios: In the presence of many fields and complex dynamics, the pertur-
bations of spectator fields can experience a time-dependent effective mass that varies in a non-trivial
manner. Without committing to any particular ultraviolet-completed scenario, we model this time-
dependence as a series of localized (in time), non-adiabatic changes in the effective mass of the
spectator fields, with their locations and strengths derived from simple ensemble distributions [16–
18]. This modeling generates an ensemble of realizations of the effective mass – a proxy for our
limited understanding of the actual microphysics of inflation.4 Explicit inflationary models, with
the phenomenology dictated by time-varying effective masses of spectator fields, have been investi-
gated in, for example, [40–48].
Excited Spectator Fields: The perturbations of the spectator fields experience a stochastic,
approximately exponential growth, driven by the repeated non-adiabatic changes in their effective
mass. This behavior was discussed in detail in [16, 17] for spectator fields in Minkowski spacetime
and [18] for those in de Sitter spacetime. In these works, the behavior of fields as a function parame-
ters related to the effective mass was carried out. This was done for an individual realization within
an ensemble, as well as in an ensemble averaged sense. In many cases, the non-trivial evolution of
the spectator fields is most prominent on superhorizon scales.
4In earlier works [16–19], some of us were motivated by the connection between particle production in cosmology
and current conduction in disordered wires (also see [20, 21]). Apart from the elegant mathematical correspondence,
the primary drive there was that certain universal features, such as Anderson Localization [22, 23] in one dimension,
arise independent of the details of the systems – motivating a search for similar universality in particle production. For
different approaches in the context of the early universe where simple behavior arises in spite of underlying complexity
of the models, also see [24–39].
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Figure 1: Ratio of the component of the power spectrum sourced by stochastic particle production, δ∆2ζ , to
the component of the power spectrum sourced solely by the vacuum fluctuation, ∆2ζ,0, as a function of the
number of e-folds N and wavenumber k. Here the characteristic disorder strength is given by Ns(σ/H)2 = 25,
stochastic particle production is assumed to be effective for Ntot = 20 e-folds, and we have assumed that
∆2ζ,0 = ∆
2
ζ,Planck ' 2.1× 10−9. The wavenumber k0 is that of the curvature mode that leaves the horizon at
N = 0. Each gray curve corresponds to a particular realization of disorder, for a total of 20 unique realizations.
The red (black) curve shows the arithmetic (geometric) sample mean. The blue curve shown in the rightmost
panel shows the reconstructed probability density function for ln(δ∆2ζ/∆
2
ζ,0) at N = 20, k/k0 = e
10.
Sourced Curvature Perturbations: Curvature perturbations are sourced by the excited specta-
tor field perturbations – calculating this sourced curvature spectrum is the main goal of this paper.
We summarize the main results here for convenience.
• We find that the curvature perturbations sourced by the spectator field can exceed the usual
vacuum contribution, without the spectator field dominating the background energy density of
the universe.
• The curvature power spectra generated (via the excited spectator fields) by each realization
of the effective-mass ensemble can be highly non-trivial. For a finite duration of the epoch
during which repeated non-adiabatic particle production in the spectator field takes place, the
sourced component of the curvature power spectrum has a shape resembling a “tilted plateau”
with additional small-scale features on top in any given realization. At very low wavenumbers,
the sourced part of the spectrum rises with a slope determined by causality, while at very high
wavenumbers the spectrum decays due to the lack of excitation of deep sub-horizon modes.
• In the ensemble averaged sense, we calculate the shape and amplitude of the curvature power
spectrum semi-analytically (see Fig. 11) in terms of (i) Ns(σ/H)2, where σ2 is the variance
of the strength of the effective mass, Ns  1 is the mean number of non-adiabatic changes
per e-fold of expansion, and (ii) the total number of e-folds (Ntot) during with repeated,
non-adiabatic particle production takes place. Although in an ensemble sense, the effective
mass realizations do not break scale invariance, the resulting sourced power spectra can do so.
There are features related to the beginning and end of the non-adiabatic period, as well as a
Ns(σ/H)2 dependent tilt.
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• For an ensemble with the same Ns(σ/H)2 and Ntot, realization to realization, we numerically
find that the sourced spectrum can vary by many orders of magnitude and have many additional
features (compared the ensemble averaged one). This large variation within the same ensemble,
and the highly non-Gaussian distribution of the power-spectra amplitudes, are a consequence
of the stochastic, exponential behavior of the spectator fields.
For a given sample of realizations, the geometric mean provides a far better estimate of the
typical realization, than the arithmetic mean. From the semi-analytic calculation, the arith-
metic ensemble mean over-estimates the typical realization, whereas a “variance-suppressed”
arithmetic ensemble mean, underestimates the typical realization.
We note that some of the conclusions of this paper are qualitatively different from related ear-
lier works where the scalar metric fluctuations are also sourced by particle production. The most
noteworthy difference is that, despite choosing a statistically uniform temporal density of scatter-
ing events, the power spectrum is not scale invariant (even in an ensemble averaged sense). In
contrast, disorder in single field inflation [19], dissipative modes [27, 42, 49] or resonant particle
production [50, 51] lead to nearly scale invariant spectra (up to small period features) after ensem-
ble averaging. In these examples, the fluctuations freeze outside the horizon and therefore a large
deviation from scale invariance would signal a preferred time during the evolution. The effect of
stochastic particle production described in this paper accumulates outside the horizon and is sensi-
tive to the number of e-folds during which the curvature mode is super-horizon. As a result, we find
strongly scale-dependent behavior in the power spectrum despite having a model where there is no
preferred time other than the end of inflation/particle production. Aspects of the dynamics explored
in this paper are reminiscent of intermittent non-Gaussianity [52, 53] as both show sensitivity to
super-horizon physics.
Observational Implications: A stochastically sourced power spectrum (δ∆2ζ) adds a scale-de-
pendent contribution to the roughly scale invariant one from vacuum fluctuations (∆2ζ,0) over a
finite interval in k if the duration of non-adiabatic particle production is finite. This sourced interval
in k may lie to the left or right of, or overlap with, the observational window accessible to CMB
and large-scale structure measurements. Moreover, δ∆2ζ can be above or below ∆
2
ζ,0 depending on
underlying parameters of the model and the particular realization of the effective mass that is used
from within a given ensemble.
As an example of the large variation of the curvature spectrum from realization to realization,
in Fig. 2, we present three results for the curvature power spectrum (continuous black curves),
composed of a sum of the vacuum, adiabatic part and a stochastically sourced part. The three
realizations are drawn from the same statistical ensemble, characterized by the strength of the
stochastic interactions (Ns(σ/H)2 = 25) and the duration of the non-adiabatic epoch in e-folds,
Ntot = 20. All three results are normalized to match the Planck 2018 reconstructed power spectrum
(shown as the shaded regions) at the pivot scale k? = 0.05 Mpc
−1 [54].
The top panel depicts a realization for which the stochastic component of the spectrum is sub-
dominant relative to the adiabatic one in the observable window, δ∆2ζ  ∆2ζ,0. The latter is chosen to
fit the experimental data. In such a case, the corrections are unobservably small almost everywhere
(except for a small bump at large scales barely outside the observational window). It is worth
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Figure 2: The total power spectrum ∆2ζ obtained as the sum of the component sourced by the vacuum fluc-
tuation ∆2ζ,0 and the component sourced by stochastic particle production δ∆
2
ζ , for three different realizations
of the disorder. All three are drawn from the same ensemble, characterized by the interactions with strength
Ns(σ/H)2 = 25 and duration Ntot = 20 in e-folds. Shown in the background are the 1 and 2σ contours of
the Planck 2018 reconstructed power spectrum. Top: a realization dominated by the vacuum fluctuation,
which we fit to the Planck data. Middle: realization for which the vacuum and the stochastic components are
comparable in the experimentally constrained window. Bottom: a realization dominated by the stochastic
source. In all three cases the amplitude is constrained to coincide with the Planck value at the pivot scale
k? = 0.05 Mpc
−1. For the above choice of parameters, the curvature power spectra shown in the top two
panels are more likely than the bottom one. Heuristically, this can be seen from the probability distribution
drawn in Fig. 1.
noting that even in this case, there remains a possibility that observationally relevant higher point
correlation functions might be generated.
The middle panel shows a realization for which the adiabatic and the stochastic components
of ∆2ζ are comparable in the Planck domain. While mostly scale-invariant, some departures from
scale-invariance are expected here, which makes this case observational interesting. Note that in
this case, even if the spectrum is roughly featureless in the experimentally constrained region, it can
hide large bumps at lower or higher scales, with a potential for rich phenomenology.
Finally, the lower panel shows the case in which δ∆2ζ  ∆2ζ,0. In this scenario, the dominant
stochastic component of the spectrum is too noisy to account for the observed curvature fluctuation.
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Note that the amplitude of the spectrum can vary by several orders of magnitude not only between
realizations but also within the same realization.
As can be roughly seen from the probability distribution in Fig. 1, the curvature power spectra
shown in the top and middle panel of Fig. 2 are more likely than the bottom one (for the chosen set
of parameters).
Simplifying Assumptions: In order to keep the analysis manageable, we restrict ourselves to the
study of the power spectrum sourced by a single excited spectator field. Generalizations might be
possible based on [17]. Although our mathematical framework is in principle valid for any mass of
this spectator field, we limit our discussion to a conformally massive (M2 = 2H2) spectator field.
This choice is technically convenient, as the vacuum mode functions of the field have a simple, free-
field form when written as functions of conformal time. Moreover, since M > H, the isocurvature
fluctuations are suppressed compared to the curvature perturbations; they would decay exponentially
outside the horizon (in contrast to the curvature perturbations) after the particle production ends
during inflation.
Phenomenologically, using M ∼ H is of interest, given that in many supergravity models the
large vacuum density during inflation V ∼ H2M2P , where MP denotes the Planck mass, typically
leads to induced masses for scalar fields of the order of the expansion rate H [55, 56]. Moreover,
the stochastic excitation of conformally massive spectators was explored in detail in our previous
work [18], both in the single disorder realization sense and in the statistical sense – we take advantage
of these results in this work.
An additional simplification for our study corresponds to the modeling of the non-adiabatic
changes of the effective mass of the field (events) as Dirac-delta functions in physical time. When
needed, we regulate the temporal width of the delta-function with the help of a momentum cut-
off. Moreover, to regulate the usual UV divergence of momentum integrals, we use an adiabatic
subtraction scheme [57–62].
Finally, for this study, we limit ourselves to a regime where the energy density of the spectators
remains small compared to the background energy density, and we also ignore the effect of curvature
perturbations on the production of the spectator fields.
Our paper is organized as follows:
Section 2 develops the formalism that is necessary to compute the curvature power spectrum
sourced by a non-adiabatically excited spectator field. In Section 2.1 we determine the coupling of a
generic spectator field to the quasi-de Sitter Goldstone mode (related to the curvature perturbation),
and use it to calculate the form of the power spectrum enhancement for an arbitrary effective mass.
We also include some useful mathematical results related to the Green’s function of the Goldstone
mode. In Section 2.2 we briefly summarize the main results of our previous work [18] concerning
the dynamics of a stochastically excited, conformally massive spectator field in de Sitter space.
Section 3 describes the approximations made to compute the sourced power spectrum, and contains
our numerical results. Section 3.1 is devoted to the calculation of the spectrum in the limit of
very short-time non-adiabatic interactions, modeled by Dirac-delta functions. Section 3.3 contains
our numerical results for individual realizations of the disorder, for weak, moderate and strong
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scattering strengths. The one-point statistical properties of the power spectrum are discussed based
on numerical results in Section 3.4.
Section 4 presents our analytical results coming from the computation of the mean power spectrum.
Section 5 presents the domain of validity of our approximations in the light of perturbativity and
backreaction constraints.
Section 6 includes our discussion of the phenomenological and observational consequences of our
results. We mostly focus on the dissection of our results in the light of CMB and matter power
spectrum observations.
Section 7 contains a summary of our results and our conclusions.
In Appendix A we provide a step-by-step calculation of the non-adiabatically sourced power spectrum
in the case of Dirac-delta scatterers. Appendix B contains a detailed account of the ultraviolet
dependence of the sourced power spectrum, arising from excited sub-horizon modes. There we also
determine the limit in which our results can be regarded as universal, as in that they depend only on
the strength of the stochasticity and the duration of the particle production epoch. In Appendix C
we describe the nuances and approximations behind our numerical results. Finally, in Appendix D
we present the detailed analytical computation of the ensemble averaged power spectrum.
2 Sourced Curvature Power Spectrum: Formalism
In this section, we develop the formalism that is necessary to compute the curvature power spectrum
sourced by a non-adiabatically excited spectator field. We will arrive at an expression, (2.18), for the
power spectrum of curvature perturbations in terms of time integrals over the Green’s functions of
the curvature perturbation, (2.23), and a time-dependent momentum integral over non-adiabatically
excited modes of the spectator field.
2.1 Curvature Perturbations from Spectator Fields
Consider a spectator field5 χ(t,x) of mass M in a homogeneous and isotropic quasi-de Sitter
spacetime. We assume that the coupling of this field with a time-dependent background can be
parametrized by a time-dependent effective mass m(t). As discussed in the Introduction, this effec-
tive mass can arise due to random non-adiabatic events derived from complicated interactions with
other fields at the background level.
Let us now write the effective action for the Goldstone boson, pi(x, t), associated with the time-
translation invariance of the quasi-de Sitter background [24, 63]. Due to the time-dependence of the
effective mass of χ, a coupling between the Goldstone mode pi and the spectator field is induced,6
S = 1
2
∫ √−g d4x[c(t+ pi)∂µpi∂µpi + ∂µχ∂µχ− (M2 +m2(t+ pi))χ2]
=
1
2
∫ √−g d4x [c(t)∂µpi∂µpi + ∂µχ∂µχ− (M2 +m2(t))χ2 − dm2(t)
dt
χ2pi + · · ·
]
, (2.1)
5χ is assumed to not dominate the total energy density of the universe.
6We use the “mostly minus” sign convention for the metric.
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where
c(t) ≡ 2M2P |H˙| ' const. and ζ ' Hpi . (2.2)
In the above line, ζ is the usual curvature perturbation and the connection to the Goldstone mode
is valid on superhorizon scales. In going from the first to the second line in Eq. (2.1), we have
disregarded pi-∂pi couplings (the so-called decoupling limit [64]), as well as couplings of the form
(dnm2(t)/dtn)χ2pin for n ≥ 2. Note that the expansion performed to arrive at (2.1) is controlled by
the smallness of ζ ' Hpi (also see Section 3.1).
Denoting the scale factor by a, and promoting the Goldstone and spectator fields to operators,
we can rewrite the action of the above system as
S ' 1
2
∫
d3xdτ a2(τ)
[
c(τ)
(
(∂τ pˆi)
2 − (∇pˆi)2
)
+ (∂τ χˆ)
2 − (∇χˆ)2
− a2(τ) (M2 +m2(τ)) χˆ2 − a(τ)dm2(τ)
dτ
χˆ2pˆi
]
, (2.3)
where τ is the conformal time, related to cosmic time t via dt/dτ = a. The equation of motion for
pˆi is then given by
pˆi′′(x, τ) + 2Hpˆi′(x, τ)−∇2pˆi(x, τ) = − a(τ)
2c(τ)
dm2(τ)
dτ
χˆ2(x, τ) , (2.4)
where a prime denotes differentiation with respect to τ , and H = a′/a. Fourier transformation7
equivalently leads to the equation of motion satisfied by each mode of pi,
pˆi′′k(τ) + 2Hpˆi′k(τ) + k2pˆik(τ) = −
a(τ)
2c(τ)
dm2(τ)
dτ
∫
d3p
(2pi)3/2
χˆp(τ)χˆp−k(τ) . (2.5)
Denoting by Gk(τ, τ
′) the Green’s function of pi, the formal solution of the previous equation is given
by
pˆik(τ) = pˆi
(0)
k (τ)−
∫
dτ ′Gk(τ, τ ′)
a(τ ′)
2c(τ ′)
dm2(τ ′)
dτ ′
∫
d3p
(2pi)3/2
χˆp(τ
′)χˆp−k(τ ′) , (2.6)
where pˆi
(0)
k (τ) denotes the homogeneous solution.
We now proceed to compute the two-point function of pi sourced by the spectator field χ. It
can be readily verified that the cross term involving pˆi
(0)
k and the χˆ-dependent part of pˆi vanishes.
Therefore, the inhomogeneous component of the two-point function takes the form
〈0|pˆik(τ)pˆik′(τ)|0〉 =
1
4
∫
dτ ′ dτ ′′Gk(τ, τ ′)Gk(τ, τ ′′)
a(τ ′)
c(τ ′)
a(τ ′′)
c(τ ′′)
dm2(τ ′)
dτ ′
dm2(τ ′′)
dτ ′′
×
∫
d3p
(2pi)3/2
d3q
(2pi)3/2
〈
0
∣∣χˆp(τ ′)χˆp−k(τ ′)χˆq(τ ′′)χˆq−k′(τ ′′)∣∣ 0〉 . (2.7)
We use an explicit bra-ket notation for (quantum) vacuum expectation values, which account for the
effect of zero-point fluctuations. These quantum expectation values should be distinguished from
statistical averages computed over the ensemble of possible realizations of the disorder m2(t). We
will introduce these statistical averages in the upcoming sections.
7We use the same Fourier convention here as in [18], namely pˆi(x, τ) = (2pi)−3/2
∫
d3k e−ik·xpˆik(τ).
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The six-dimensional momentum integral over the unequal time correlator of the four χs appearing
in equation (2.7) can be unpacked further. Introducing the canonically normalized field
Xˆ ≡ aχˆ , (2.8)
the mode expansion of the spectator can be written as
Xˆk(τ) = Xk(τ)aˆk +X
∗
k(τ)aˆ
†
−k , (2.9)
where [aˆk, aˆ
†
k′ ] = δ
(3)(k − k′), [aˆk, aˆk′ ] = [aˆ†k, aˆ†k′ ] = 0. This expansion leads to the consistent
quantization of Xˆ provided that its mode functions satisfy the Wronskian condition Xk(τ)X
∗′
k (τ)−
X ′k(τ)X
∗
k(τ) = i, and reduce to Bunch-Davies mode functions in the infinite past. Substitution of
(2.8) and (2.9) into (2.7) leads to the following expression after the Wick decomposition of the χˆ
four-point function,
〈0|pˆik(τ)pˆik′(τ)|0〉 =
1
4
∫
dτ ′ dτ ′′
Gk(τ, τ
′)
a(τ ′)c(τ ′)
Gk(τ, τ
′′)
a(τ ′′)c(τ ′′)
dm2(τ ′)
dτ ′
dm2(τ ′′)
dτ ′′
×
∫
d3p
(2pi)3/2
d3q
(2pi)3/2
{
〈0|Xˆp(τ ′)Xˆp−k(τ ′)|0〉〈0|Xˆq(τ ′′)Xˆq−k′(τ ′′)|0〉
+ 〈0|Xˆp(τ ′)Xˆq(τ ′′)|0〉〈0|Xˆp−k(τ ′)Xˆq−k′(τ ′′)|0〉
+ 〈0|Xˆp(τ ′)Xˆq−k′(τ ′′)|0〉〈0|Xˆp−k(τ ′)Xˆq(τ ′′)|0〉
}
. (2.10)
The first term inside the momentum integral in the above equation corresponds to a pure k = 0
contribution. We can verify this using commutation relations for the creation and annihilation
operators. Such a zero-mode contribution is irrelevant for our computation and can be promptly
discarded. The remaining terms must be kept, but lead to divergences in the ultraviolet. We
regularize the field correlators by means of the adiabatic subtraction (AS) scheme [57–62]. As a
concrete example,
〈0|Xˆp(τ ′)Xˆq(τ ′′)|0〉AS ≡ 〈0|Xˆp(τ ′)Xˆq(τ ′′)|0〉 − 〈0|Xˆ0p(τ ′)Xˆ0q(τ ′′)|0〉
=
[
Xp(τ
′)X∗q (τ
′′)−X0p (τ ′)X0∗q (τ ′′)
]
δ(3)(p + q)
≡ [Xp(τ ′)X∗q (τ ′′)]AS δ(3)(p + q) . (2.11)
Here Xˆ0p(τ) denote the adiabatic (unexcited) modes of the spectator field. In the absence of a non-
adiabatic sourcing for χ, the contribution to the pi two-point function (2.10) vanishes identically.
Substitution of the adiabatically subtracted correlators into (2.10) and an integration with respect
to q leads to the following final form for the pi two-point function:
〈0|pˆik(τ)pˆik′(τ)|0〉 =
1
2
∫
dτ ′ dτ ′′
Gk(τ, τ
′)
a(τ ′)c(τ ′)
Gk(τ, τ
′′)
a(τ ′′)c(τ ′′)
dm2(τ ′)
dτ ′
dm2(τ ′′)
dτ ′′
×
∫
d3p
(2pi)3
[
Xp(τ
′)X∗p (τ
′′)
]
AS
[
X|p−k|(τ ′)X∗|p−k|(τ
′′)
]
AS
δ(3)(k + k′) . (2.12)
The Curvature Power Spectrum
Recall that the comoving curvature perturbation ζ is related to the Goldstone boson pi by the
rescaling
ζ ' Hpi , (2.13)
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and its dimensionless power spectrum is in turn defined by the relation
〈0|ζ(k)ζ(k′)|0〉 ≡ 2pi
2
k3
∆2ζ(k) δ
(3)(k + k′) . (2.14)
We now recall that we have assumed that the background dynamics are independent of the spectator
χ, and correspond to those of an expanding inflationary spacetime. Thus, the component of the
curvature power spectrum that is not sourced by χ is given by (assuming slow-roll):
∆2ζ,0(k) '
H2
8M2Ppi
2
=
H4
4pi2c
, (2.15)
where  = −H˙/H2 denotes the first Hubble flow function [65, 66], which we assume to be approxi-
mately constant and small,  1, as is required to support typical slow-roll inflation. When needed,
we will use the 2018 Planck value for the amplitude of the curvature spectrum
∆2ζ(k?)Planck = 2.1× 10−9 , (2.16)
at the pivot scale k? = 0.05 Mpc
−1 [54]. Note that the measured spectrum of course includes the sum
of the sourced and unsourced spectra; the above value for the unsourced spectra will nevertheless
serve as a useful benchmark. From here onwards we will denote by ∆2ζ,0 the vacuum (or adiabatic)
contribution to the power spectrum, and by δ∆2ζ the non-adiabatically sourced term, so that
∆2ζ = ∆
2
ζ,0 + δ∆
2
ζ . (2.17)
For observationally constrained scales we must therefore have ∆2ζ = ∆
2
ζ,Planck.
Combining (2.12)-(2.15) we arrive to the following expression for the component of the power
spectrum sourced by χ:
δ∆2ζ(k) = 4pi
2(∆2ζ,0)
2 k
3
H6
∫
dτ ′ dτ ′′
Gk(τ, τ
′)
a(τ ′)
Gk(τ, τ
′′)
a(τ ′′)
dm2(τ ′)
dτ ′
dm2(τ ′′)
dτ ′′
×
∫
d3p
(2pi)3
[
Xp(τ
′)X∗p (τ
′′)
]
AS
[
X|p−k|(τ ′)X∗|p−k|(τ
′′)
]
AS
. (2.18)
Note that the right-hand side of (2.18) is multiplied by two powers of the unperturbed power spec-
trum, which implies that the stochastic excitation of the curvature mode must overcome a suppres-
sion of at least O(10−9) relative to the background value. This suppression will of course be larger
if we expect δ∆2ζ to dominate over the vacuum contribution to the power spectrum, ∆
2
ζ ' δ∆2ζ .
To explicitly calculate δ∆2ζ , we need (i) the quasi-de Sitter Green’s function for pi, (ii) the form
of the effective mass m2(t) and the corresponding time evolution of the modes of the spectator field
χ = X/a.
Quasi-de Sitter Green’s Functions
In order to evaluate the power spectrum correction (2.18), it would be useful to have a compact,
closed-form solution for the Green’s function of the Goldstone pi. To this end, first let pi
(0)
k be a
solution to equation of motion Eq. (2.5) without a source term. The equation satisfied by pi
(0)
k can
can be rewritten in a more familiar form as
v′′k +
(
k2 − a
′′
a
)
vk = 0 , (2.19)
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where vk(τ) ≡ pi(0)k (τ) a(τ). In the slow-roll approximation,  1, this equation reduces to
v′′k +
(
k2 − ν
2 − 14
τ2
)
vk ' 0 , (2.20)
where ν = 32 + . The solution of (2.20) that satisfies the Wronskian condition vk(τ)v
∗′
k (τ) −
v′k(τ)v
∗
k(τ) = i/c, and which reduces to the Bunch-Davies vacuum initial condition for the canonically
normalized field
√
cvk, is given by
vk(τ) =
√
pi
4c
(−τ)1/2H(1)ν (−kτ) , (2.21)
where H
(1)
ν denotes the Hankel function of the first kind. Therefore, the corresponding mode function
for the Goldstone field can be written as
pi
(0)
k (τ) = H
√
pi
4c
(−τ)3/2H(1)ν (−kτ) . (2.22)
Using this solution, we arrive at the Green’s function for equation (2.5):
Gk(τ, τ
′) =
pi
(0)
k (τ)pi
(0)∗
k (τ
′)− pi(0)k (τ ′)pi(0)∗k (τ)
∂τpi
(0)
k (τ
′)pi(0)∗k (τ ′)− pi(0)k (τ ′) ∂τpi(0)∗k (τ ′)
θ(τ − τ ′)
=
pi(−kτ)3/2
2k
√−kτ ′
[
Jν(−kτ)Yν(−kτ ′)− Yν(−kτ)Jν(−kτ ′)
]
θ(τ − τ ′) (2.23)
=
[kτ ′ − kτ ] cos(kτ − kτ ′) + [1 + (kτ)(kτ ′)] sin(kτ − kτ ′)]
k3τ ′2
θ(τ − τ ′) +O() ,
where, in the second line, Jν and Yν are Bessel functions of the first and second kind, and we have
expanded in the slow roll parameter in the third line. Note that τ is the conformal time where we
wish to evaluate the final curvature perturbation, whereas τ ′ is the integration variable over which
the source term (multiplied by this Green’s function) will be integrated (see equation (2.18)). For
the curvature perturbations from inflation, we are typically interested in power spectra (and hence
the Green’s function) on superhorizon scales with |kτ |  1. However, |kτ ′| is not restricted a-priori
apart from |kτ ′| > |kτ |.
For future convenience, we note that
Gk(τ, τ
′)
τ ′
'

cos(kτ ′)
(kτ ′)2
, |kτ |  1 |kτ ′| ,
−1
3
, |kτ |  |kτ ′|  1 .
(2.24)
It will also turn out to be useful to define the following derived quantity,
Gk(τ, τ ′) ≡ dGk(τ, τ
′)
dτ ′
+
Gk(τ, τ
′)
τ ′
, (2.25)
which yields
Gk(τ, τ ′) '

−sin(kτ
′)
kτ ′
, |kτ |  1 |kτ ′| ,
−2
3
, |kτ |  |kτ ′|  1 ,
(2.26)
to lowest order in slow-roll.
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2.2 Non-adiabatically Excited Spectator Fields in de Sitter Space
The final and most important ingredients that go into the evaluation of the power spectrum correction
(2.18) correspond to the effective mass m2(t) and the spectator field χ. The equation of motion for
the k-mode of the χ field is given by(
d2
dt2
+ 3H
d
dt
+
k2
a2
+M2 +m2(t)
)
χk(t) = 0 , (2.27)
where we have ignored the sourcing of χ by pi perturbations. Discarding such “sourcing” amounts
to ignoring pidm2(t)/dt compared to m2(t) in the equation of motion for χ. As a heuristic justifi-
cation, note that for a typical non-adiabatic variation in m2(t) with a temporal width w, we have
pidm2(t)/dt ∼ pim2(t)/w ∼ (ζ/Hw)m2(t). Hence, we can potentially ignore the impact of pi on χ if
Hw  ζ (see also the discussion at the end of this section, and see footnote 13).
We assume that the effective mass consists of localized, non-adiabatic events (scatterings), which
have random strengths and which are randomly located in cosmic time. Further assuming that
the temporal width w of the scatterers is much smaller than the characteristic period of the mode-
functions χk, we approximate the stochasticity of the background dynamics by a sum of Dirac-delta
scatterers,
m2(t) =
∑
j
mj δ(t− tj)
=
∑
j
mj
a(τj)
δ(τ − τj) = m2(τ) . (2.28)
Note that when needed, the delta function can be “fattened”, so that δ(t − ti) ∼ 1/w over a time-
interval w around ti and zero otherwise. For the scaled mode functions Xk = aχk, the equation of
motion is given by
X ′′k (τ) +
[
k2 − a
′′
a
+ a2M2 +
∑
i
mia(τi)δ(τ − τi)
]
Xk(τ) = 0 . (2.29)
In earlier work [18], some of us investigated the dynamics of the ensemble of solutions (realizations)
for the mode functions Xk(τ) for two particular cases: for conformally massive fields (M
2 = 2H2)
and for massless fields (M2 = 0) under the condition that the scatterer amplitudes have zero-mean
and are independent at different times,
〈mj〉 = 0 , 〈mjmi〉 = σ2δij . (2.30)
In the above expressions, 〈· · · 〉 denotes taking the ensemble average with respect to a distribution,
and that the scatterer locations are distributed uniformly over cosmic time.
Below, we summarize the results derived in [18] related to the stochastic excitation of the Xk
which are relevant for the present paper (i.e. for the conformal mass scenario).
1. In absence of scattering, m2(t) = 0, the vacuum mode function takes a particularly simple
form given by
X0k(τ) = a(τ)χ
0
k(τ) =
1√
2k
e−ikτ . (2.31)
12
0.0 2.5 5.0 7.5 10.0 12.5 15.0 17.5 20.0
N
−25
−20
−15
−10
−5
0
5
ln
|X
k
|2
106 103 1 10−3 10−6
|kτ |
−20
0
20
40
ln
|X
k
|2
M2 = 2H2
Ns(σ/H)2 = 25
P
(ln|X
k | 2)
Figure 3: Top Panel: The behavior of ln |Xk|2 for M2 = 2H2, for different k as a function of N = ln a for
a fixed realization of m2(t). The colors represent different k modes, with purple having the largest k, to red
having the smallest. The non-trivial evolution of |Xk| is due to repeated non-adiabatic particle production.
The different k modes approximately follow each other deep inside the horizon (straight lines). The relative
amplitude of different k modes typically changes stochastically close to horizon crossing (and can even reverse
order) and, this relative amplitude is thereafter maintained for superhorizon evolution. Bottom Panel: The
behavior of ln |Xk|2 normalized with respect to |X0k |2, for different realizations of m2(t), as a function of
conformal time. The grey curves are ln |Xk|2 corresponding to different realizations of m2(t), the black curve
is the ensemble mean of ln |Xk|2 and the pink region represents trajectories within one standard deviation of
the mean. The instantaneous probability distribution of ln |Xk|2 is shown in the right panel. The trajectories
of ln |Xk|2 undergo a “random walk” like behavior, and have a Gaussian distribution (over the ensemble) at
all times, i.e. |Xk| is log-normally distributed.
Under the influence of repeated non-adiabatic changes in m2(t), the mode function Xk(τ)
deviates from the vacuum solution (2.31). The evolution of Xk becomes stochastic, with
the largest deviations from the vacuum mode functions typically seen once the Xk mode is
outside the horizon. See top panel in Fig. 3. Note that despite the seemingly similar behavior
for different k modes inside and outside the horizon, there is stochasticity close to horizon
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crossing. While the behavior of X modes seen in Fig. 3 is useful for developing intuition, the
translation from the behavior of X modes to the power spectrum which we will compute in
the next section is not immediate, since it involves non-trivial integrals over many momentum
modes of X.
2. In the limit of large scatterer density in a given interval ∆t in cosmic time, the characteristic
“strength” of the non-adiabatic events can be uniquely determined by the so-called scattering
strength parameter
Ns
( σ
H
)2 ≡ Ns
H∆t
( σ
H
)2
, (2.32)
where Ns denotes the number of scatterings, and Ns denotes the (dimensionless) density of
scatterers (number of scatterers per e-fold). This result is independent of the distribution of
the scatterer amplitudes mi, provided that it satisfies (2.30), and that the locations ti are
roughly uniformly distributed.8
3. The random variable ln |Xk(t)|2 is normally distributed (as an ensemble over realizations of
m2(t)) on super and sub-horizon scales, for any scattering strength and for any k. Equivalently,
|Xk(t)|2 is log-normally distributed.
4. Sufficiently deep inside the horizon, the scalar field is approximately in its vacuum state,
(|kτ |  1)
〈ln |Xk|2〉 ' − ln(2k) ,
Var
[
ln |Xk|2
]
=
1
4
Ns
( σ
H
)2
(kτ)−2  1 .
(2.33)
Note that the vacuum approximation strictly coincides with the sub-horizon regime only for
Ns(σ/H)2 ∼ O(1).9 Outside the horizon, ln |Xk| evolves linearly with cosmic time (in an
ensemble averaged sense), with
(|kτ |  1) ∂Ht〈ln |Xk|
2〉 = µ1 ,
∂HtVar
[
ln |Xk|2
]
= µ2 ,
(2.34)
where the rates (µ1, µ2) are functions of Ns(σ/H)2. The values of µ1 and µ2 as a function
of Ns(σ/H)2 are shown in the upper panel of Fig. 4. For future convenience we define the
following functions of Ns(σ/H)2,
α = µ1 +
3
2
µ2 ,
β = µ1 +
1
2
µ2 ,
(2.35)
which are shown in the bottom panel of Fig. 4.
5. On super-horizon scales, ln |Xk|2 satisfies the properties of a drifted (Brownian) random walk.
In particular, as mentioned above, the mean and variance of ln |Xk|2 grow linearly with time,
and for the drift-less variable
Zk(t) ≡ ln |Xk|2 − 〈ln |Xk|2〉 , (2.36)
8E.g. uniformly distributed ti over a given time interval, or normally distributed ti centered on an equispaced grid
in cosmic time. The result is also valid for a non-random, equispaced grid of ti.
9For Ns(σ/H)2  1, the vacuum approximation is broken somewhat inside the horizon, whereas for Ns(σ/H)2  1
it continues to be valid even outside the horizon.
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Figure 4: Numerically evaluated, ensemble averaged growth rates for super-horizon evolution of the spectator
field magnitude, |Xk|, as functions of Ns(σ/H)2 in the conformal case. Upper panel: The mean and variance
rates: µ1 = ∂Ht〈ln |Xk|2〉 and µ2 = ∂Ht Var[ln |Xk|2] are shown (adapted from [18]). Lower panel: α =
µ1 + (3/2)µ2 and β = µ1 + (1/2)µ2 which are are linear combinations of the growth rates are shown. These
combinations be useful when discussing the ensemble averaged curvature perturbation power spectra.
we find
〈Zk(t)Zk′(t′)〉 ' µ2H min
[
t− tk, t′ − tk, t− tk′ , t′ − tk′
]
× θ(t− tk)θ(t− tk′)θ(t′ − tk)θ(t′ − tk′) , (2.37)
where tk, tk′ indicate the time of horizon crossing for k and k
′ modes. This is equivalent to
|Xk|2 performing a geometric random walk. All n-point correlation functions for the field
magnitude can then be computed in terms of the Zk two point functions,
〈|Xk1(t1)|2 · · · |Xkn(tn)|2〉 = exp
 n∑
i=1
〈ln |Xki(ti)|2〉+
1
2
n∑
i,j=1
〈Zki(ti)Zkj (tj)〉
 . (2.38)
We encourage the interested reader to consult the source of these results in our earlier paper [18].
These results were derived by a combination of analytical and numerical methods using the Transfer
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Matrix and Fokker-Planck formalisms. It is worth noting that the preceding results technically
apply only for a pure de Sitter background, but we do not expect them to be significantly altered
by slow-roll corrections.
Ignoring Dissipation
Before ending this section, we briefly comment on the issue of dissipation of curvature perturbations
(see the general discussion in [27]). So far, we have set up the formalism for calculating the sourcing of
curvature fluctuations (ζ) from the excited spectator fields (X), but have ignored the backreaction of
ζ onX. Formally, the source term in the equation of motion for the curvature perturbations (cf. (2.5))
includes a term independent of ζ, and a linear response (dissipation) term that has correlations with
curvature perturbations.10 Because of such correlations, it is a-priori not possible to ignore the
contribution of the linear response when calculating the sourced curvature power spectrum based
just on the smallness of ζ.
However, it is still plausible to ignore the linear response contribution to ∆2ζ . Schematically, we
note that the linear response contribution to ∆2ζ involves unequal time commutators (Green’s func-
tion) associated with the spectator field. In contrast, the contribution to ∆2ζ in absence of the linear
response term involves unequal time correlators of the spectator fields. Since the commutator only
cares about relative differences between X at different times, its growth ends up being suppressed
compared to the correlators (at least in the regime of exponential X growth outside the horizon
which we are most interested in).
We leave a more detailed consideration of these dissipation effects to future work.
3 Sourced Curvature Power Spectrum: Sample Computation
In the previous section, we presented the formalism and the tools required to compute the curvature
power spectrum, when it is sourced by a stochastically excited spectator field. In what follows, we
will perform this computation explicitly, assuming that the spectator field evolves in a way that is
described in Section 2.2. A number of details related to the justification of our assumptions, as well
as techniques for the numerical calculations are relegated to the Appendices.
3.1 Dirac-delta Scatterers in the Large Ns Limit
In the following, we arrive at a simplified expression for the sourced curvature power spectrum by
considering a sum of Dirac-delta scatterers for characterizing the effective mass of the spectator
field. We carefully include a ultraviolet cutoff in momentum integrals (related to the more realistic
finite width for the scatterers) to regulate ultraviolet divergences that arise as a result of the Dirac-
Delta scatterer assumption. By considering a large number density of scatterers, we argue that the
contributions to the power spectrum which depend on the momentum cutoff do not qualitatively
change our results.
10Both contributions are included in the source in the sense that the χ has a component due to the adiabatic particle
production, and due to fluctuations in the curvature perturbations.
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Substituting the effective mass (2.28) into (2.18), we find that the correction to the power spec-
trum sourced by X is
δ∆2ζ(k) = 4pi
2(∆2ζ,0)
2 k
3
H6
∑
i,j
mimj
∫
dτ ′ dτ ′′
δ(τ ′ − τi)
a(τ ′)
δ(τ ′′ − τj)
a(τ ′′)
d
dτ ′
d
dτ ′′
{
Gk(τ, τ
′)
a(τ ′)
Gk(τ, τ
′′)
a(τ ′′)
×
∫
d3p
(2pi)3
[
Xp(τ
′)X∗p (τ
′′)
]
AS
[
X|p−k|(τ ′)X∗|p−k|(τ
′′)
]
AS
}
. (3.1)
where we performed integration by parts in τ ′ and τ ′′, and discarded the corresponding bound-
ary terms, as we assume that the stochastic excitations only occur over a finite period of time.
Distributing the conformal time derivatives, and taking into account the discontinuous nature of
X ′k(τ) ≡ ∂τXk(τ) at each Dirac-delta scatterer location, we may rewrite (3.1) schematically as
δ∆2ζ(k) = 4pi
2(∆2ζ,0)
2
∑
i,j
mimj
H2
(kτi)
2(kτj)
2
(KIij +KIIij +KIIIij ) , (3.2)
where the time integrals are evaluated over the delta functions, and the momentum integral is now
represented by the summation of the quantities Kij , defined as follows:
KIij = Gk(τ, τi)Gk(τ, τj)
∫
d3p
(2pi)3k
[
Xp(τi)X
∗
p (τj)
]
AS
[
X|p−k|(τi)X∗|p−k|(τj)
]
AS
, (3.3)
KIIij = Gk(τ, τi)Gk(τ, τj)
∫
d3p
(2pi)3k
{[
Xp(τi)X
∗′
p (τ
−
j )
]
AS
[
X|p−k|(τi)X∗|p−k|(τj)
]
AS
+
[
Xp(τi)X
∗
p (τj)
]
AS
[
X|p−k|(τi)X∗′|p−k|(τ
−
j )
]
AS
+ h.c.
}
+
1
2
(
mi
Hτi
Gk(τ, τj)Gk(τ, τi) + mj
Hτj
Gk(τ, τi)Gk(τ, τj) + mimj
2H2τiτj
Gk(τ, τi)Gk(τ, τj)
)
×
∫
d3p
(2pi)3k
{
Xp(τi)X
∗
p (τj)
[
X|p−k|(τi)X∗|p−k|(τj)
]
AS
+
[
Xp(τi)X
∗
p (τj)
]
AS
X|p−k|(τi)X∗|p−k|(τj)
)}
, (3.4)
KIIIij = Gk(τ, τi)Gk(τ, τj)
∫
d3p
(2pi)3k
{[
X ′p(τ
−
i )X
∗′
p (τ
−
j )
]
AS
[
X|p−k|(τi)X∗|p−k|(τj)
]
AS
+
[
X ′p(τ
−
i )X
∗
p (τj)
]
AS
[
X|p−k|(τi)X∗′|p−k|(τ
−
j )
]
AS
+
[
Xp(τi)X
∗′
p (τ
−
j )
]
AS
[
X ′|p−k|(τ
−
i )X
∗
|p−k|(τj)
]
AS
+
[
Xp(τi)X
∗
p (τj)
]
AS
[
X ′|p−k|(τ
−
i )X
∗′
|p−k|(τ
−
j )
]
AS
+
mj
2Hτj
(
X ′p(τ
−
i )X
∗
p (τj)
[
X|p−k|(τi)X∗|p−k|(τj)
]
AS
+Xp(τi)X
∗
p (τj)
[
X ′|p−k|(τ
−
i )X
∗
|p−k|(τj)
]
AS
+
[
X ′p(τ
−
i )X
∗
p (τj)
]
AS
X|p−k|(τi)X∗|p−k|(τj)
+
[
Xp(τi)X
∗
p (τj)
]
AS
X ′|p−k|(τ
−
i )X
∗
|p−k|(τj) + h.c.
)
+
mimj
2H2τiτj
Xp(τi)X
∗
p (τj)X|p−k|(τi)X
∗
|p−k|(τj)
}
. (3.5)
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Here τ−i denotes the conformal time immediately before the discontinuity at the i-th scatterer
location for the derivative of the corresponding mode function. Appendix A is devoted to the
detailed derivation of Eqs. (3.2)-(3.5).
Our separation of the momentum integral in (3.1) into three different types of Kij is motivated
by their distinct behaviors at large momentum p → ∞. As we elaborate in Appendix B, KIij is
convergent at large momenta, as this integral ∝ Λ−1, where Λ is a suitably chosen ultraviolet (UV)
momentum cutoff. On the other hand, both KIIij and KIIIij can be decomposed into two components:
(i) a convergent piece that is sourced by X at super-horizon scales and is O(KI), and (ii) a divergent
piece that scales logarithmically and linearly with Λ, respectively.
The apparent failure of the AS scheme, which was employed to ameliorate UV divergences in the
momentum integrals involving X, arises from the singular nature of the Dirac-delta approximation
for the scattering duration for the effective mass m2(τ) (see Appendix B.1 for a detailed discussion).
In reality, any non-adiabatic event has finite temporal width, w, whose size is determined by the
precise microphysics, which naturally provides an additional source of a comoving momentum cutoff.
More precisely, this cutoff can be identified with the inverse scattering width,
Λi = (Hwτi)
−1 . (3.6)
The correction to the power spectrum (3.1) should therefore be interpreted as integrating over
momentum up to the cutoff (3.6). This naively suggests that our results will depend our choice
of w and τi. However, in Appendix B.2 we show that in the limit where the scattering density is
large, Ns  1, which is our regime of interest, this cutoff-dependence is subdominant relative to the
superhorizon contribution of X to the momentum integral, and will henceforth be neglected.
We will now evaluate (3.2) in the limit where the scattering density is large, Ns  1. This
condition guarantees that the superhorizon evolution of X is controlled solely by the scattering
strength parameter Ns(σ/H)2 [18]. Moreover, as we describe in detail in Appendix B.2, this limit
simplifies (3.2) to
δ∆2ζ(k)
Ns1≈ 4pi2(∆2ζ,0)2
∑
i,j
mimj
H2
(kτi)
2(kτj)
2Gk(τ, τi)Gk(τ, τj)
×
∫
d3p
(2pi)3k
[
Xp(τi)X
∗
p (τj)
]
AS
[
X|p−k|(τi)X∗|p−k|(τj)
]
AS
, (3.7)
which is correct up to O(1) factors. That is, to a good approximation, we can disregard the explicit
calculation (though not the contributions) of the KII and KIII terms. The convenience of this
result relies on the fact that this expression is convergent even when Λ → ∞, with the ultraviolet
contributions of the deep subhorizon X-modes suppressed by AS regularization. The result (3.7)
will henceforth serve as the basis of our analytical and numerical analyses.
We now proceed to dissect this result, to discuss the regimes of interest for our purposes. We
expect the integral to be dominated by the superhorizon modes of X, because Xk will deviate
exponentially from its vacuum form, X0k , primarily outside the horizon. The domination of the
integral in (3.7) by super-horizon X-modes makes a closed-form analytical expression for ∆2ζ difficult,
if not impossible. Nevertheless, we will be content (for now) with crude but useful estimates, that
will turn out to provide a good qualitative description of the numerical solutions. For the reader
who is fine trusting the numerical results, Section 3.2 can be skipped.
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3.2 Analytical Estimates
Deriving analytical estimates of (3.7) is non-trivial; we will focus on simply getting a rough k−
dependence of δ∆2ζ(k). We use the equal-time approximation, τi = τj , where (3.7) further simplifies
to11
δ∆2ζ(k) ' 4pi2(∆2ζ,0)2
∑
i
m2i
H2
(kτi)
4G2k(τ, τi)
∫
d3p
(2pi)3k
|Xp(τi)|2AS|X|p−k|(τi)|2AS
= (∆2ζ,0)
2
∑
i
m2i
H2
(kτi)
4G2k(τ, τi)k−2
∫ ∞
0
p dp
∫ p+k
|p−k|
q dq |Xp(τi)|2AS|Xq(τi)|2AS , (3.8)
where in going from the first to the second line, we took advantage of the azimuthal symmetry of the
integrand, and then traded the angular integration for another momentum integral (see Eq. (D.8)).
Since there are multiple scales in our problem, it will be useful to summarize all of them in the
following list:
k = wavenumber of the curvature perturbation pi,
p, q = wavenumber of X modes (to be integrated over) ,
τ0 = conformal time when scatterings begin,
τf = conformal time when scatterings end,
k0 = momentum at horizon crossing when scatterings begin, i.e. k0 ≡ |τ0|−1 ,
kf = momentum at horizon crossing when scatterings end, i.e. kf ≡ |τf |−1 ,
Λf = the largest momentum excited for X, i.e. Λf ≡ kf/Hw, cf. (3.6) .
(3.9)
The relevant hierarchies between these scales are summarized in Fig. 5. There we also define the
momentum domains <1 - <5 that separate these scales. We discuss the behavior of the curvature
spectrum in each of these different regions below. We emphasize that the following discussion about
the behavior of the curvature perturbation is heuristic, and is mean to serve as a rough guide to
understanding the many qualitative (and not quantitative) features at various momentum scales.
The reader should refer to Appendices B and D for more detailed steps. We start with the behavior
of δ∆2ζ in <5 since it is easiest to understand. The most relevant aspects for the scale dependence
of δ∆2ζ arise in the regions <2 and <1, for which we also provide an intuitive understanding.
<5: If k  Λf = kf/Hw, then the Goldstone mode (pik) in question remains inside the horizon
during the whole duration of scatterings. Importantly, for k  Λf , the Xp modes that lie
within the domain of integration in (3.8) shown in the left panel of Fig. 5 will not be excited
away from the vacuum. Based on our AS scheme, these Xp modes do not contribute to the
power spectrum, and therefore δ∆2ζ ' 0.
<4: Modes with kf  k . kf/Hw can be affected by the scattering events at subhorizon scales.
In this case the momentum integral will be sourced only by those X modes that are in the
11Only the diagonal i = j terms in the sum (3.7) are positive definite. Off-diagonal contributions alternate signs
stochastically, and for Ns  1 we expect them to approximately cancel each other due to the non-correlation of
the scatterer amplitudes mi, cf. (2.30). This is proven to be the case for the ensemble-averaged δ∆
2
ζ in Section 4.
The validity of this approximation for each realization of the ensemble is discussed from the numerical perspective in
Appendix C (see also Footnote 14).
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Figure 5: The left panel shows the two dimensional region in momentum space over which the spectator field
modes are integrated in (3.8). The right panel delineates the different regimes in k-space of the curvature
spectrum, which will be useful for understanding the features in the power spectrum. We define k−10 as the
size of the horizon when non-adiabatic excitation of spectator fields begins, and k−1f for that when it ends.
The wavenumber kf/Hw is the largest momentum mode of the spectator field (and hence the curvature
perturbation) that is excited, see (3.6).
allowed integration region in Fig. 5. For example, for a given τi, this domain corresponds to
the triangular region p, q < Λi, p + q > k, where Λi ≡ (Hw|τi|)−1 is the instantaneous cutoff
scale. The integrated modes (p, q & k  kf ) will be sub-horizon. For such modes a last
scattering approximation can be used. Physically, this approximation is related to the fact
that the largest deviation form the vacuum mode function X0p due to a single scattering is
obtained at the latest times, and inside the horizon, we can ignore accumulation over many
scatterers. Namely, Xp ' X0p + δXp, with δXp(τi) ∝ (mia(τi)/p)X0p (τi) (see Appendix B.1 for
details). We then have
δ∆2ζ(k . kf/Hw) ∼ (∆2ζ,0)2
( σ
H
)2∑
i
(kτi)
2k−2
∫ Λi
k−Λi
p dp
∫ Λi
|p−k|
q dq |X0p (τi)δXp(τi)|2
∼ (∆2ζ,0)2
( σ
H
)4∑
i
(kτi)
2k−2
k2
(kτi)2
∼ (∆2ζ,0)2Ns
( σ
H
)4
ln
(
kf
kHw
)
. (3.10)
In the first line we replaced m2i by σ
2 and used G2k(τ, τi) ∼ (kτi)−2 (since the |kτi|  1, see
(2.26)). We also used the fact that the integrand can be approximated by setting p = q.
In the second line, the area of integration in the p − q plane is ∼ k2, and the integral is
well approximated by setting p = q = k/2. The logarithm in the third line is related the
total number of scatterings from τin ∼ k−1 to τend = Λ−1f ; the sum over scatterers is just
proportional to the time the mode spends in the domain that allows for growth. We note that
in this case only sub-horizon modes are excited, and therefore our result depends on the cutoff
and on Ns and σ independently. Nevertheless, in the saturation limit NsHw ∼ 1, the power
spectrum may be written in terms of the square of the scattering parameter Ns(σ/H)2 and
the scatterer width. The interested reader can find further details in Appendix B.2.
The key takeaway is that there is a red tilted spectrum with a log(1/k) scaling, which eventually
vanishes for k & kf/Hw.
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<3: If now the Goldstone mode has k & kf , the cutoff dependence can be neglected (see Appendix
B.2). The main contribution comes from super-horizon X-modes at p, q  k since they grow
exponentially. Given this exponential excitation of these modes, we schematically write
δ∆2ζ(k & kf ) ∼ (∆2ζ,0)2
[
Ns
( σ
H
)2]2
eγ1Ntot
(
k
k0
)−γ2
, (3.11)
where Ntot denotes the number of e-folds of expansion during which scatterings are active, and
where γ1,2 > 0 are functions of the scattering strength parameter Ns(σ/H)2. The quadratic
factor in the scattering strength is expected from the excitation of sub-horizon modes (see
previous case and the discussion following Eq. (B.12)). Note that we do not expect a scale
invariant curvature spectrum, but a red one, since the curvature modes are all sub-horizon
(k & kf ), and must die off logarithmically for kf  k . kf/(Hw) as discussed in <4. This
previous result, and those which follow below, will be analytically derived in the ensemble
average sense in Section 4.
<2: We now turn to the more interesting regime kf > k > k0. Here we expect the bulk of
the contribution to come from those X modes that leave the horizon while scatterings are
active. Note that for these modes, the number of e-folds of exponential growth are given by
Ntot−N∗(k) = Ntot− ln(k/k0). In this case the upper limit of the momentum integral in (3.8)
for the modes in question is |τi|−1  k. Recalling from (2.26) that Gk(τ, τi) ' const. outside
the horizon, we can then write
δ∆2ζ(kf > k > k0) ∼ (∆2ζ,0)2
( σ
H
)2∑
i
(kτi)
4k−2
∫ |τi|−1
0
p dp
∫ p+k
|p−k|
q dq |Xp(τi)|2AS|Xq(τi)|2AS
∼ (∆2ζ,0)2
( σ
H
)2 ∑
|kτi|<1
(kτi)
4e(4−γ)(N(τi)−ln(k/k0))
∼ (∆2ζ,0)2
( σ
H
)2 ∑
|kτi|<1
(kτi)
−γ
∼ (∆2ζ,0)2Ns
( σ
H
)2
eγNtot
(
k
k0
)−γ
. (3.12)
In going from the first line to the second, we used |Xp(τi)|2 ∼ p−1e(4−γ)(N(τi)−N∗(p)/2), and used
k as the relevant scale for the domain of integration. In going from the second to the third, we
used N(τi) = ln(τ0/τi) and k0 = |τ0|−1. In the following line, we carried out the summation
over i by using τi = τ0e
−iHδt where δt is the typical interval between scatterings (the detailed
steps for a similar summation are provided in equation (B.11) of Appendix B.2). In (3.12),
γ denotes a function of Ns(σ/H)2. With Ns(σ/H)2  1, the exponential enhancement of
the modes is significant and γ is positive. In addition to a potentially sizable exponential
enhancement of the result, we expect to observe a non-scale invariant, red-tilted spectrum.12
To understand the scale dependence intuitively, note that the enhancement of the spectrum
arises primarily from the exponential growth during the time that modes spend outside the
horizon during scattering. This time depends on the wavenumber, since the wavenumber
12In the weak scattering limit Ns(σ/H)2 ≤ 1, we can take γ ≈ 0.
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determines the moment of horizon crossing. In the strong scattering case, the more time a
mode spends outside the horizon, the more it is enhanced. Hence, we should expect lower k
modes to be more enhanced compared to the higher k ones.
<1: Finally, for modes that are already at superhorizon scales before scatterings begin (k < k0),
the dominant contribution to (3.8) is provided by X modes that are at superhorizon scales
throughout the entire scattering duration, p, q . k0. The power spectrum correction then
takes the form
δ∆2ζ(k < k0) ∼ (∆2ζ,0)2Ns
( σ
H
)2
k−20 · k3k0
eγNtot
k20
∼ (∆2ζ,0)2Ns
( σ
H
)2
eγNtot
(
k
k0
)3
. (3.13)
Note again, the expression above implies a non-scale invariant curvature power spectrum.
To understand the k3 behavior intuitively, note that the ζ modes were already outside the
horizon when scatterings began. While these modes are excited by the stochastic source of X
modes, causality forbids correlations from being established in these super-horizon scales, and
the resulting spectrum is that of a white noise process, 〈0|ζ(k)ζ(k′)|0〉 = const. This in turn
leads to the k3 scaling in ∆2ζ .
With these estimates at hand, we now proceed to evaluate the approximation (3.7) numerically in
the next section, and analytically, in the ensemble average sense, in Section 4.
3.3 Numerical Results
In this section we evaluate (3.7) numerically. Although this expression has already been simplified
through various approximations, its numerical evaluation is still challenging for several reasons. Even
for a modest, but non-negligible duration of scatterings, in the large Ns limit, the number of terms
in the sum will scale as N2s  1 (recall that Ns is the total number of scatterers, whereas Ns is
the number of scatterers per e-fold of expansion). Each term requires the numerical evaluation of a
three-dimensional momentum integral, for which the integrand must in turn be evaluated numerically
using the transfer matrix formalism, as χ experiences multiple scattering events over the course of
inflation [18]. We have nevertheless found an approximate way to evaluate δ∆2ζ in a reasonable
computational time-scale. This approximation is discussed in detail in Appendix C.
In the present section we will present and discuss the form of the curvature spectra for different
realizations of the disorder, with different scattering strengths and different durations Ntot. Due
to the difficulty in evaluating (3.7) for very large number densities of scatterings, we have taken
Ns = 25 here and in all other results except otherwise stated. Additionally, in all cases we will
consider a large momentum cutoff corresponding to Hw = 10−6, which easily satisfies the constraint
Ns(Hw) < 1 (separation between scatterers > width of scatterers; see (B.14))13, and which will
13We note a caveat to our choice of parameters. Note that Hw = 10−6 <
√
∆2ζ,Planck which violates the condition
for ignoring the backreaction of the curvature perturbations on the evolution of χ (see discussion at the beginning of
Section 2.2). Qualitatively, taking Hw = 10−3 (for example) only moves the cutoff in the spectrum kf/(Hw) without
affecting much else. We chose Hw = 10−6 because for larger Hw, the scaling behaviors in regions <3-<4 would be
harder to see and understand separately.
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allow us to clearly distinguish four regimes in k depending on its magnitude compared to k0, kf and
kf/Hw (c.f. Fig. 5). We separate the discussion into three different regimes: the “weak” scattering
regime, for which δ∆2ζ  ∆2ζ,0 for most members of the ensemble; “moderate” scattering, for which
δ∆2ζ ∼ ∆2ζ,0 is a generic outcome, and “strong” scattering, for a case in which δ∆2ζ  ∆2ζ,0 for the
majority of the disorder realizations. In describing our results, we will use the following types of
averages over n realizations of the disorder,
〈δ∆2ζ〉 =
1
n
n∑
a=1
δ∆2ζ,a , (arithmetic sample mean)
exp〈ln(δ∆2ζ)〉 =
(
n∏
a=1
δ∆2ζ,a
)1
n
, (geometric sample mean)
(3.14)
where the subindex a denotes the a-th realization. If n → ∞, we refer to the above quantities as
ensemble means rather than sample ones.
3.3.1 Weak Stochastic Sourcing
Fig. 6 shows the sourced correction to the power spectrum relative to its adiabatic value, δ∆2ζ/∆
2
ζ,0,
for 20 different realizations for Ns(σ/H)2 = 2.5 and Ntot = 20 (kf ' 5× 108 k0), shown in gray. For
definiteness we have considered ∆2ζ,0 = ∆
2
ζ,Planck.
<1: For k < k0, all realizations are almost perfectly parallel, and grow as k3, as we expected from
(3.13). Note that the arithmetic average of the sample of trajectories 〈δ∆2ζ〉 (shown in orange),
and the geometric mean of that sample exp〈ln(δ∆2ζ)〉 (shown in black), also follow the same
k3 trend. The curve in blue shows the form of one particular realization of m2(t).
<2: For k0 . k . kf , the spectra are no longer parallel, and span four orders of magnitude in
δ∆2ζ/∆
2
ζ,0. Moreover, the relative accumulation of trajectories at low amplitudes indicate a
heavily skewed probability distribution for δ∆2ζ (for any fixed wavenumber, see the discussion
that follows below). Nevertheless, most of the realizations have a similar qualitative behavior.
The grand majority display a blue tilt in this domain, with a gentle slope. Note that the
value of the arithmetic average 〈δ∆2ζ〉 of the sample is dominated by the largest outliers, while
the geometric mean exp〈ln(δ∆2ζ)〉 appears to provide a better estimate of the behavior of
the ‘typical’ realization. If we focus on the geometric mean, we can infer that the estimate
(3.12) with γ ∼ −0.2 roughly reproduces the magnitude and tilt of the stochastically sourced
component of ∆2ζ . Besides this, perhaps the most interesting feature of the results is given by
the fact that the general blue trend of the spectra is complemented by the presence of bumps
and troughs of varied heights and widths partly reflecting the sensitivity of particle production
in χ to different momentum modes. We will explore the related observational phenomenology
of these in detail in Section 6.
<3: When kf . k, we expect a red spectrum, as per (3.11); this clearly seems to be the case. In
this regime it is difficult to distinguish ‘real’ features on the power spectrum from numerical
artifacts, due to the approximations that the evaluation of (3.7) requires.
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Figure 6: Relative correction to the curvature power spectrum for 20 unique realizations of the disorder
(gray curves), in the ‘weak’ scattering case, with the scattering parameter Ns(σ/H)2 = 2.5, number of e-folds
of scattering Ntot = 20 (kf ' 5 × 108k0), the effective temporal width of each scatterer Hw = 10−6, and
∆2ζ,0 = ∆
2
ζ,Planck ' 2.1×10−9. The blue curve highlights one particular realization. The red curve corresponds
to the arithmetic mean 〈δ∆2ζ〉 of the sample, while the black curve shows the geometric mean exp〈ln(δ∆2ζ)〉 of
the sample. The yellow region highlights those modes that leave the horizon during scatterings. Note that,
the sourced spectrum is subdominant compared to the adiabatic one in this case, with the total curvature
spectrum ∆2ζ = ∆
2
ζ,0 + δ∆
2
ζ ≈ ∆2ζ,0.
<4: At the cutoff scale k ∼ kf/Hw ∼ 1015k0, the spectrum dies off roughly following the logarith-
mic scaling predicted in (3.10).
None of the 20 realizations considered above have the sourced component of the curvature power
spectrum δ∆2ζ that is larger than the purely vacuum contribution. This means that for such a weak
stochastic sourcing, the correction to the vacuum power spectrum is likely unobservable. However,
this does not forbid the existence of rare ensemble members for which the correction can become
observable. As we will show in Section 4, the extreme skewness of the distribution for δ∆2ζ accom-
modates these rare but very large outliers. Moreover, it is also possible that the sourced aspects of
the curvature perturbations make an appearance in higher point correlation functions.
3.3.2 Moderate Stochastic Sourcing
The relative correction to the curvature spectrum for Ns(σ/H)2 = 25 is shown in Fig. 7 for Ntot = 20
and ∆2ζ,0 = ∆
2
ζ,Planck. The similarities and differences relative to Fig. 6 are evident.
<1 : For k . k0 the causality enforced δ∆2ζ ∝ k3 scaling can be seen near and to the left edge of
the yellow band in Fig. 7.
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Figure 7: Relative enhancement of the curvature power spectrum for 20 unique realizations of the disorder
(gray curves), in the ‘moderate’ scattering case, with the scattering parameter Ns(σ/H)2 = 25, total e-
folds of scattering Ntot = 20 (kf ' 5 × 108k0), effective temporal width of scatterers Hw = 10−6, and
∆2ζ,0 = ∆
2
ζ,Planck ' 2.1×10−9. The blue curve highlights one particular realization. The red curve corresponds
to the arithmetic mean 〈δ∆2ζ〉 of the sample, while the black curve shows the geometric mean exp〈ln(δ∆2ζ)〉
of the sample. The yellow region highlights those modes that leave the horizon during scatterings. Since the
geometric mean lies near, but somewhat below ∆2ζ,Planck, it is not unlikely for some of these samples to provide
localized features in the observed curvature spectrum without violating the observational constraints. Note
that even in cases where δ∆2ζ  ∆2ζ,0, perturbativity of ζ is not necessarily violated since the total curvature
spectrum ∆2ζ = δ∆
2
ζ + ∆
2
ζ,0 . 1. Furthermore, if we choose ∆2ζ,0  ∆2ζ,Planck, then we would have ∆2ζ  1.
<2 : For k0 . k . kf – the regime where the curvature modes leave the horizon during scat-
terings (yellow band in Fig. 7), the presence of an exponential enhancement of the amplitude
and features is clearly visible in Fig. 7. Note however that the coarse-grained spectral tilt
does not necessarily have a monotonic behavior even for a given realization, as seen from the
blue curve. In particular, the causality-related k3 scaling appears to extend beyond the initial
horizon scale. This suggests that for the largest members of the ensemble, the dominant contri-
bution to the momentum integral can be given by the early super-horizon modes even beyond
the naively expected regime. Nevertheless, beyond a certain scale, we observe a relatively
scale-invariant spectrum, in the sense that neither positive nor negative coarse-grained tilt is
preferred. Focusing on the black ‘typical’ curve, in this case we would have γ . 1 in (3.12),
which appears to be provide a good approximation for the tilt for several of the trajectories
shown.
<3 : At k & kf , we observe the noisy decreasing spectrum.
Note that for the case we just discussed, in some realizations, the stochastic component (δ∆2ζ)
can dominate over the vacuum one (∆2ζ,0 ∼ 10−9), although the most common realizations have
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Figure 8: Relative enhancement of the curvature power spectrum for 20 unique realizations of the disorder
(gray curves), in the moderate’ scattering case, with the scattering strength parameter Ns(σ/H)2 = 25,
number of e-folds of scattering Ntot = 40 (kf ' 2×1017), effective temporal width of scatterers Hw = 10−6 and
∆2ζ,0 = ∆
2
ζ,Planck ' 2.1×10−9. The blue curve highlights one particular realization. The red curve corresponds
to the sample mean 〈δ∆2ζ〉, while the black curve shows the sample geometric mean exp〈ln(δ∆2ζ)〉. The yellow
region highlights those modes that leave the horizon during scatterings. Since the geometric mean lies near
∆2ζ,Planck, it is again possible for some of these samples to provide localized features in the observational
window. However, it is more difficult to hide below the scale-invariant spectrum in this case. Note that the
horizontal dashed line corresponds to the perturbative bound δ∆2ζ = 1, which is seemingly violated for the
large valued samples. However, note that this bound would be much higher if we choose ∆2ζ,0  ∆2ζ,Planck.
As a result, ∆2ζ = δ∆
2
ζ + ∆
2
ζ,0  1 can still be satisfied.
δ∆2ζ < ∆
2
ζ,0. Even in the former case, the perturbativity assumption, ∆
2
ζ  1 under which (2.18)
was derived is not violated. Importantly, note that the geometric mean of the ensemble of curvature
spectra lies near, but somewhat below ∆2ζ,Planck (see black curve in Fig. 7). This means that there
is a reasonable probability for some of the realizations to provide localized features in the observed
curvature spectrum without violating the observational constraints which are broadly consistent
with scale invariance. This makes the parameter choices in this case phenomenologically interesting.
Fig. 8 displays the corresponding stochastic component of ∆2ζ for the previous case withNs(σ/H)2 =
25, but the number of e-folds of non-adiabaticity are increased to Ntot = 40. As expected, for the
larger the Ntot we get a larger δ∆
2
ζ . We also note that the cubic tilt for k . k0 is still present, but
now the tilt for larger k appears even less monotonic than in the previous scenario. Note the spread
over ∼ 20 orders of magnitude in the signal.
There is an important subtlety in interpreting the amplitude of δ∆2ζ/∆
2
ζ,0. We can see that a
very large amount of power can be injected stochastically onto the curvature fluctuation even for
not-so-large scattering strengths if the duration of the scattering epoch is sufficiently long. Some
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Figure 9: Relative enhancement of the curvature power spectrum for 20 unique realizations of the disorder
(gray curves), in the ‘strong’ scattering case, with Ns(σ/H)2 = 85, Ntot = 20 (kf ' 5× 108k0), Hw = 10−6
and ∆2ζ,0 = ∆
2
ζ,Planck ' 2.1 × 10−9. The blue curve highlights one particular realization. The red curve
corresponds to the mean 〈δ∆2ζ〉, while the black curve shows the ‘typical’ value exp〈ln(δ∆2ζ)〉. The yellow region
highlights those modes that leave the horizon during scatterings. The horizontal dashed line corresponds to
the perturbative bound δ∆2ζ = 1. This bound would be higher if instead ∆
2
ζ,0  ∆2ζ,Planck. However, given
that the geometric mean is way above the Planck constraint on the curvature amplitude, this set of parameters
will not generically provide an observationally viable, almost scale invariant sourced spectrum in the CMB
window.
of the curves in Fig. 8 go above the horizontal dashed line which corresponds to δ∆2ζ = 1. Since
the total curvature spectrum ∆2ζ = δ∆
2
ζ + ∆
2
ζ,0, perturbativity in terms of curvature perturbations
seems to be broken. The apparent violation of δ∆2ζ < 1 is a result of our choice ∆
2
ζ,0 = ∆
2
ζ,Planck. If
we had chosen ∆2ζ,0  ∆2ζ,Planck, perturbativity is not violated and δ∆2ζ  1.
3.3.3 Strong Stochastic Sourcing
The form of the stochastically sourced curvature powers spectrum for Ns(σ/H)2 = 85 and Ntot = 20
is shown in Fig. 9 for 20 different realizations of the disorder. In this case, all trajectories show
stochastic dominance on the spectral signal for at least a limited range of k. The sourcing is in
fact so large that the geometric mean lies beyond the perturbativity bound (for ∆2ζ,0 = ∆
2
ζ,Planck),
and the trajectories appear to show an exponentially enhanced variance, spreading over ∼ 30 orders
of magnitude. Evidently, unless ∆2ζ,0  ∆2ζ,Planck, barring the weakest signals that lie below the
dashed line, none of these curves is expected to accurately represent the shape of the power spectrum.
Nevertheless, we note that the red tilt observed in many of them is consistent with our expectation
(3.12).
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3.4 Probability Distributions
As the numerical results discussed above attest, we have been successful in estimating the form
and magnitude of δ∆2ζ for a limited set of realizations of the disorder. From these results, we
can immediately arrive to the conclusion that both the (geometric) mean and the spread of the
corresponding power spectra realizations are functions of the disorder strength parametrized by
Ns(σ/H)2. The arithmetic mean of the power spectra is in turn overwhelmingly dominated by
those realizations for which δ∆2ζ is the largest. This indicates a non-trivial, highly skewed probability
distribution function (pdf). In this section, we will discuss the form of the pdf for the power spectrum
enhancement as a function of Ns(σ/H)2 and k in a mostly qualitative fashion.
In order to construct the pdf, we first note that it is convenient to work in terms not of the
sourced power spectrum itself, but in terms of its logarithm,
ξ ≡ ln
(
δ∆2ζ
∆2ζ,0
)
, (3.15)
due to the span over several orders of magnitude for the sourced power spectrum within a given
ensemble of m2(t) (for the same Ns(σ/H)2 and Ntot).
In Fig. 10, we show the form of the pdf for three different values of the comoving momentum k and
three different values of the scattering strength Ns(σ/H)2. In all cases we have considered Ntot = 20,
and we have computed the stochastic power spectrum for a total of 1000 unique realizations. The
pdfs are built using a Gaussian kernel density estimator of variable bin size [67].
The dashed black curves in Fig. 10 are a skew-normal fit to the distributions of ξ (when appro-
priate). As a reminder, a random variable x is skew-normal distributed if its pdf is of the form
P (x) =
2√
2piω2
e−
(x−x0)2
2ω2
∫ ν(x−x0
ω
)
−∞
e−
t2
2 dt , (3.16)
where x0, ω and ν denote the location, scale and shape parameters, respectively [68, 69]. The normal
distribution is recovered in the limit ν = 0. Hence, δ∆2ζ/∆
2
ζ,0 ∼ eξ appears to have a log-skew-normal
distribution. This result is not entirely unexpected, as it is known that log-skew-normal pdfs provide
adequate approximations to the sum of lognormally distributed random variables [70, 71], which is
|Xk|2 in our case, cf. Section 2.2. The result is at the same time somewhat surprising, as these
approximations rely on the assumption that the added random variables are independent, which is
not the case here, since we add correlated random walks.
The skewness of a lognormal distribution increases exponentially with the variance of the corre-
sponding normal distribution. A log-skew-normal is, as its name suggests, even more skewed, with
a very heavy tail [72]. Therefore, even if the geometric mean of the power spectrum, exp〈ξ〉 is  1,
the arithmetic average 〈δ∆2ζ〉/∆2ζ,0 can be much larger, O(1) or more. We will refer back to this
average when we compute it analytically in Section 4.
Weak Scattering: The first row in Fig. 10 shows the resulting distributions for the weak scattering
case with Ns(σ/H)2 = 2.5, which in turn correspond to the results shown in Fig. 6. In the first
panel from the left, the pdf at k = k0 is displayed. It can be immediately noted that the distribution
is not symmetric around its mean, but it is skewed, sharply rising from the left of its maximum,
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Figure 10: Probability density of ξ = ln(δ∆2ζ/∆
2
ζ,0) as a function of the co-moving wavenumber of the
curvature perturbation and the scattering strength Ns(σ/H)2. Blue, solid: the empirical distribution for
1000 unique realizations of the m2(t). Black, dashed: skew-normal fit to the pdf with shape parameter ν
(where adequate).
and gently decreasing to its right. This skew form is consistent with the observation that no power
spectrum curves are found below δ∆2ζ/∆
2
ζ,0 . 10−10 in Fig. 6.
The center and right panels of the top row in Fig. 10 correspond to the numerically obtained
distributions for k = (k0kf )
1/2 and k = kf , respectively, with Ns(σ/H)2 = 2.5. Again, note the
skewness of the pdf. Note also the consistency with Fig. 6, in that there are not many realizations
there that would fall on the right tail of the distribution. These pdfs are also consistent with our
earlier conclusion that a realization that can overcome the suppression by the factor (∆2ζ,0)
2 in (3.7)
and be phenomenologically interesting is very unlikely for this value of the scattering parameter.
We finally note in these two cases that the shape of the distribution is such that a skew-normal fit
is inadequate, as we cannot both fit the shape of the peak and the shape of the tail of the numerical
pdf. Nevertheless, we do not exclude the possibility that this is the result of our limited numerical
precision and ensemble size.
Moderate Scattering: The middle row of Fig. 10 shows the pdf for the ‘moderate’ scattering case
with Ns(σ/H)2 = 25. Here we observe the same features that we discussed in the previous case: a
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distribution that spans many orders of magnitude in δ∆2ζ , which is of skew-normal form for ξ and
log-skew-form for the power spectrum correction, in this case for all three values of k that we have
considered. Note a cutoff in the distribution at around ξ ∼ −20, or δ∆2ζ/∆2ζ,0 ∼ 10−9 for k = k0.
This observation will be relevant for our discussion of what we call the µ2-suppressed mean power
spectrum in Section 4.
In turn, the skew-normal fit for the middle panel corresponds to 〈ξ〉 ' −3.9, or a geometric mean
of the power spectrum e〈ξ〉 ' 10−2, roughly in agreement with Fig. 7. It also leads to 〈δ∆2ζ〉/∆2ζ,0 &
1015, where the exact value is heavily dependent on the shape of the tail of the distribution. Note
again that for this value of the scattering parameter a significant fraction of the realizations lie in a
phenomenologically interesting range of ξ.
Strong Scattering: Finally, in the last row of Fig. 10 we observe the pdf for ξ in the strong
scattering case with Ns(σ/H)2 = 85. Besides the obvious difference with respect to the other two
cases that is the noticeably larger values of ξ shown in the horizontal axis, we also note that the
pdfs in this scenario appear to be less skewed, and closer to normal distributions, in particular
the last panel from the left. For all three values of the momentum considered a skew-normal pdf
appears to be a good fit. If we focus on the middle panel, corresponding to the geometric mean of
k0 and kf , we note that the numerical results then suggest that e
〈ξ〉 ' 107 and 〈δ∆2ζ〉/∆2ζ,0 & 10105,
the first value well within the phenomenologically interesting regime, albeit in some tension with
backreaction constraints (see Section 5), while the second value is well beyond the applicability of
the perturbative scheme used here to compute the stochastically excited curvature power spectrum.
4 The Ensemble-Averaged Power Spectrum
In the previous section, we determined the form of the power spectrum correction in the Ns  1
limit, which we proceeded to evaluate numerically. Although the analytical approximation of these
previously shown results is a tall task, we will now show that the Brownian property of the spectator
fields at superhorizon scales, cf. (2.34), allows for a relatively simple evaluation of the ensemble
average of the stochastically sourced curvature power spectrum. This analytic estimation is possible
because, as discussed in Section 3, the behavior of Xk at superhorizon scales dominates the integral
(3.7). Moreover, we will show how to bound the behavior of a typical member of the ensemble of
solutions.
Following the result (3.7), in the Ns  1 limit, the expectation value of the correction to ∆2ζ can
be written as follows,
〈δ∆2ζ(k)〉 = 4pi2(∆2ζ,0)2
∑
i,j
〈
mimj
H2
(kτi)
2(kτj)
2Gk(τ, τi)Gk(τ, τj)
×
∫
d3p
(2pi)3k
[
Xp(τi)X
∗
p (τj)
]
AS
[
X|p−k|(τi)X∗|p−k|(τj)
]
AS
〉
τ,m
= 4pi2(∆2ζ,0)
2
∑
i,j
〈∫
d3p
(2pi)3k
(kτi)
2(kτj)
2Gk(τ, τi)Gk(τ, τj)
×
〈mimj
H2
[
Xp(τi)X
∗
p (τj)
]
AS
[
X|p−k|(τi)X∗|p−k|(τj)
]
AS
〉
m
〉
τ
, (4.1)
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where the sub-indexes denote the variable with respect to which the expectation value is to be
computed, τ for scattering locations and m for scattering strengths. Recall that the we assume
uniform distribution of scatterers in cosmic time, not conformal time. To evaluate these expectation
values, we note that the values of the X mode functions must be continuous everywhere, in particular
at each scatterer location (see Eq. (A.2)). This implies that the mode function at τ = τi cannot
depend on the value of the amplitude mi at the same scattering location, therefore Xp(τi) and mi
can be treated as independent random variables. We can then factor the m-expectation value in
(4.1) and make use of 〈mimj〉 = σ2δij (see (2.30)) to write14
〈δ∆2ζ(k)〉 = 4pi2(∆2ζ,0)2
( σ
H
)2∑
i
〈
(kτi)
4G2k(τ, τi)
∫
d3p
(2pi)3k
〈|Xp(τi)|2AS|X|p−k|(τi)|2AS〉m〉
τ
' 4pi2(∆2ζ,0)2
( σ
H
)2∑
i
(kτi)
4G2k(τ, τi)
∫
d3p
(2pi)3k
〈|Xp(τi)|2AS|X|p−k|(τi)|2AS〉m,τ . (4.2)
In the second line of the previous expression we have approximated the non-stochastic factors,
(kτi)
4G2k(τ, τi), by their values at the average scatterer location 〈τi〉. For uniformly distributed
ti = − ln |Hτi|/H, this is equivalent to the evaluation of the sum in (4.2) over a uniform grid in
cosmic time.15
The analytical evaluation of (4.2) is still a lengthy calculation. Therefore, in order to avoid
cluttering this section with mathematical computations, we have provided the full derivation of our
results in Appendix D, with Eq. (4.2) as starting point. It is nevertheless worth mentioning that the
most crucial aspects of the evaluation correspond to (i) the use of (2.38) to compute the necessary
Brownian ensemble averages, and (ii) the infrared cutoff provided by k0, which corresponds to the
mode that leaves the horizon at the beginning of scatterings. This infrared cutoff is needed to
prevent divergent contributions from growth of superhorizon modes from the infinite past. We also
note that in this computation, we have not considered the explicit introduction of an ultraviolet
cutoff scale at k  kf . This is because at large k (even without the cutoff), the ensemble averaged
power spectrum is subdominant compared to the adiabatic one.
The result of the evaluation of (4.2) can be summarized as follows. For convenience, we note that
the parameters α = µ1 + (3/2)µ2 and β = µ1 + (1/2)µ2 appearing above are functions of Ns(σ/H)2,
and are shown in Fig. 4; recall that µ1 = ∂Ht〈ln |Xk|2〉, and µ2 = ∂HtVar [ln |Xk|2] (see Sec. 2.2).16
<1: For k  k0,
〈δ∆2ζ〉 '
2
9
(∆2ζ,0)
2Ns
( σ
H
)2( k
k0
)3
×

1
3
(
1 +
8
β − 4 −
4
α+ β − 4
)
, α+ β < 4 ,(
α+ β
α+ β − 1
)
e(α+β−4)Ntot
α+ β − 4 , α+ β > 4 .
(4.3)
In this case, the expected cubic scaling with momenta for any value ofNs(σ/H)2 is immediately
evident, cf. (3.13). For α + β > 4 we note in addition the exponential dependence on the
14This result has been verified numerically. Up to the precision and number of realizations considered, off-diagonal
terms in the sum in (4.1) always are subdominant relative to the diagonal (i = j) terms.
15In [18] we verified that the average growth rates of the mode functions are independent of the stochasticity of ti.
16The interpolation at the breaking points (e.g. α+β = 4 for (4.3)) require the exact expressions, which are provided
in Eqs. (D.17)-(D.19).
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duration of the scattering phase. In the α + β < 4 regime, the lack of this exponential
enhancement makes the stochastic component the subdominant piece of ∆2ζ , while for α+β > 4,
it is clear that it can be easily dominant if Ntot is sufficiently large, as we will quantify below.
A depiction of the dependence of the power spectrum on the scattering parameter Ns(σ/H)2
in this regime can be found in Fig. 22 in Appendix D.3 (see also the accompanying discussion).
<2: For k0  k  kf ,
〈δ∆2ζ〉 '
2
9
(∆2ζ,0)
2Ns
( σ
H
)2 ×

Dαβ , α+ β < 4 ,
Cαβ(k/k0)
α+ β − 4
(
k
k0
)4−α−β
e(α+β−4)Ntot , α+ β > 4 ,
(4.4)
where the coefficient function Dαβ is defined as follows,
Dαβ =
7
48
+
1
β − 2 +
1
12− 3β −
1
3(α+ β − 1) +
α
8(α+ β)
− 1
(1− β)(α+ β − 4)
[
2α+β−2
α+ β − 2
−B(1/2,1)(1− α, 2− β)−B(0,1)(α+ β − 2, 2− β)
]
, (4.5)
and where
Cαβ(k/k0) =
1
1− β
[
2α+β−2
α+ β − 2 −B(1/2,1)(1− α, 2− β)−B(0,1)(α+ β − 2, 2− β)
− β
(
1− β
2− β
)(
k
k0
)β−2 ]
. (4.6)
Here B denotes the generalized incomplete beta function (see Eq. (D.11) for its definition). In
this case, the mode of interest leaves the horizon during scatterings and it is therefore of par-
ticular phenomenological interest. From (4.4) one immediately notices that the stochastically
sourced component of the power spectrum is on average scale invariant for weak scattering.
Nevertheless, the mean excited spectrum is never the dominant component of the curvature
power spectrum (see Fig. 21). For Ns(σ/H)2 & 1.5, scale invariance is lost, and the spectator
field is in the regime of exponential excitation, in agreement with our expectation (3.12) and
our numerical results. One can verify that values beyond the assumption of perturbativity (for
∆2ζ,0 = ∆
2
ζ,Planck) are found for O(10) magnitudes of Ns(σ/H)2, as it can be explicitly observed
in panel (b) of Fig. 21, found in Appendix D.3. One must nevertheless reserve arriving to a
conclusion yet, as the results presented here correspond to the arithmetic average over the
ensemble of disorder realizations. As we found in Section 3.3, this average is dominated by
large outliers within the ensemble, and therefore does not represent a typical member of the
ensemble. We will elaborate on this distinction in the following section.
<3: For kf  k,
〈δ∆2ζ〉 '
1
16
(∆2ζ,0)
2
[
Ns
( σ
H
)2]2 ×

4
4− β2
(
k
k0
)−β/2−1
e(β/2+1)Ntot , β < 2 ,
1
β
(
k
k0
)−2
eβNtot , β > 2 .
(4.7)
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Figure 11: Ratio of the mean stochastic component of the curvature power spectrum to the adiabatic one,
as a function of the wavenumber k, for Ntot = 20, ∆
2
ζ,0 = ∆
2
ζ,Planck, and Ns(σ/H)2 = 1, 2.5 and 4. The
yellow region highlights those modes that leave the horizon during scatterings.
When the Goldstone mode (pik) satisfies the kf  k condition, at least one of the X-mode
functions in (4.2) is sub-horizon, which results in a suppression due to the AS. This results in
the observed dependence on the square of Ns(σ/H)2 in (4.7). Note also that the stochastic
component δ∆2ζ is not scale invariant for any scattering strength. For weak scattering, 〈δ∆2ζ〉 ∼
k−1, while for strong scattering, 〈δ∆2ζ〉 ∼ k−2. The dependence of the ratio 〈δ∆2ζ〉/∆2ζ,0 as a
function of the scattering parameter for k > kf is shown in Fig. 23 of Appendix D.3.
Fig. 11 shows the mean stochastic enhancement of the curvature power spectrum as a function of
k/k0, for a few selected values of Ns(σ/H)2 with Ntot = 20. The difference with respect to the
numerical results discussed in Section 3.3 is evident. We must recall and emphasize first that our
analytical approximation does not account for the physical cutoff at k  kf , which is why we
do not show the form of the mean power spectrum beyond a decade to the right of kf . We note
nevertheless the red tilt of the spectrum for k > kf . The next feature we note is the difference in the
tilt of the spectrum for k < k0 and k > k0. For the former, small momentum case, our analytical
approximation displays the causality-enforced cubic dependence on k. For large momenta, the
predicted scale-invariance for weak scattering, and the increasing red tilt as a function of Ns(σ/H)2
for strong scattering can be explicitly observed. It is however the overall magnitude of the spectrum
that most notably clashes with our numerical results, for which the corresponding power spectrum
realizations are shown in Fig. 6, with Ns(σ/H)2 = 2.5. Note that numerically we observe a near
scale invariant result for most realizations, with a maximum enhancement that is O(10−3). Our
analytically computed mean in turn displays a significant tilt, 〈δ∆2ζ〉 ∼ k−1, and its maximum
reaches the adiabatic value of the spectrum.
As we previously discussed in Section 3.4, the lognormality of the spectator field results in a
heavily skewed distribution for the pi two-point function. In our present analytical construction, it
manifests itself via the dependence of the expectation values of |X|2 on the variance parameter µ2.
For this field, the geometric mean e〈ln |Xp|2〉 can be identified with a typical member of the ensemble
of realizations; ln |Xp|2 is normally distributed with mean proportional to µ1. However, the skewed
variable |Xp|2 possesses a arithmetic average that is dominated by large outliers: improbably large
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Figure 12: Ratio of the µ2-suppressed mean stochastically sourced component of the curvature power spec-
trum to the adiabatic one, as a function of the wavenumber k, for Ntot = 20 and Ns(σ/H)2 = 25, 98 and 140.
The yellow region highlights those modes that leave the horizon during scatterings.
excursions of the spectator field for which |Xp(t)|2 ∼ e(µ1+µ2/2)Ht. Given that our derivation depends
on these arithmetic averages, it is no surprise that our resulting mean power spectrum is determined
by realizations living on the tail of the probability distribution.
Variance-suppressed Power Spectrum
In our study of the dynamics of the spectator X, we identified the limit µ2 → 0 of arithmetic
means with the typical value of a member of the ensemble [18]. Due to the lognormality of X,
this identification is justified. In the case of the power spectrum, we have demonstrated that the
probability distribution has a log-skew-normal form, which is not lognormal. Nevertheless, it is still
of interest to explore the µ2 → 0 limit of our previous calculation. The analogous of Fig. 11 in this
limit is shown in Fig. 12, where we have defined
δ∆2ζ ≡ 〈δ∆2ζ〉µ2→0 , (4.8)
in order to simplify the notation. We immediately note a major difference between the two figures.
The µ2-suppressed result produces scale invariant spectra even for significantly larger values of
the scattering parameter than the mean. It is only when Ns(σ/H)2 ∼ O(102) that the tilt turns
noticeably red, and the enhancement can reach values comparable to the purely adiabatic result.
If we compare this figure with the results in Sections 3.3 and 3.4, in particular Figs. 7 and 10, we
note that δ∆2ζ lies below the smallest realizations, and it has a similar shape. Therefore, although
we cannot identify the limit µ2 → 0 with that of the typical member of the ensemble, our results
suggest that, for a typical, not improbably large realization,
δ∆2ζ . δ∆
2
ζ . 〈δ∆2ζ〉 . (4.9)
5 Backreaction Constraints
There are some natural restrictions to the applicability of our analysis. Regarding the spectator
field χ, its nature will be jeopardized if the growth of its magnitude due to non-adiabatic particle
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production is such that its energy density becomes comparable to that of the background. In
addition, dissipation effects connected with the inverse sourcing pi → χ have been argued to be
negligible (see discussion following equation (2.27)). Finally, the implicit perturbativity assumption
behind the expansion (2.1) will be violated if the stochastic component of the power spectrum
exceeds δ∆2ζ & O(1). In this section, we compile our results for the energy density of χ and the
stochastic component of the power spectrum δ∆2ζ to determine the parameter space within which
our formalism is applicable, and in which it leads to potentially observable effects. We will make
use of our analytical results, since they provide useful upper and lower bounds on the behavior of a
typical disorder realization.
Background Energy Density Constraint: ρχ . 3M2PH2
We will first determine the region in parameter space where the energy density sourced by χ, de-
noted by ρχ, dominates the inflationary background. The mean and typical energy densities of this
spectator field have been computed in detail in [18]. The backreaction constraint Ωχ < 1, with
Ωχ ≡ ρχ
3H2M2P
, (5.1)
can be considered as an equivalent constraint on the number of e-folds for active scatterings, as a
function of the scattering parameter Ns(σ/H)2. For the arithmetic mean 〈ρχ〉, the limit is saturated
for a number of e-folds given by
Ne(τ) ' 1
β − 2 ln
[
1 + 16pi2
(
β − 2
β
)
M2P
H2
]
, (5.2)
which in our case should be at least equal to Ntot. The parameter β is shown as a function of
Ns(σ/H)2 in Fig. 4.
In Fig. 13, we show in light blue the region of parameter space that is excluded by the 〈Ωχ〉 < 1
constraint, assuming H = 1013 GeV. Interestingly, we find that for Ns(σ/H)2 . 6.8, the duration of
the non-adiabatic particle production can be arbitrarily long, and can in principle last throughout
the entire inflationary epoch. However, as the scattering strength increases, the allowed number of
scattering e-folds sharply decreases, varying from Ntot . 102 for Ns(σ/H)2 ∼ 10 to Ntot . 7 for
Ns(σ/H)2 & 102. We caution the reader that, since the mean of the ensemble is always much larger
than its typical values, this bound is not as stringent as it naively suggests. Higher values of Ntot
are therefore still possible for a typical realization of the ensemble, and is the reason behind our
consideration of Ns(σ/H)2 = 85 in Section 3.3.
On the other hand, the dark blue region in Fig. 13 illustrates the domain excluded by the
backreaction constraint on the typical closure fraction Ωχ, obtained in the µ2 → 0 limit of the
arithmetic mean result (see Eq. (4.8)). Note that, as expected, the constraint in this case is much
milder, inexistent for Ns(σ/H)2 . 70 and only important for very strong scattering – a regime in
which the perturbativity assumption on the power spectrum is already badly violated.
Curvature Perturbation Constraint: ∆2ζ . 1
The orange region in Fig. 13 represents the domain in the parameter space where the arithmetic
mean of the sourced power spectrum, 〈δ∆2ζ〉, is subdominant relative to its unsourced counterpart,
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Figure 13: The parameter space region of interest. The orange shaded region corresponds to parameters
that yield corrections to the power spectrum that are smaller than their unperturbed value. The shaded light
blue region is excluded by the backreaction constraint for the spectator field in the arithmetic average sense.
The dark blue region is excluded by the analogous backreaction constraint in the geometric average sense.
The dashed curve corresponds to the mean curvature power spectrum that reaches the perturbativity limit
with ∆2ζ,0 = ∆
2
ζ,Planck. The dotted dashed curve is the analogous perturbativity limit for the µ2-suppressed
mean spectrum.
which we take to be ∆2ζ,0 = ∆
2
ζ,Planck. For definiteness, we compare this with the maximum value
of 〈δ∆2ζ〉, which we saw in Fig. 11 is located at k = k0. As expected, for extremely weak scatterings
Ns(σ/H)2 . 1, no amount of expansion is sufficient to lead to an observable effect. Note again
that for a typical sample of the ensemble, the correction to the power spectrum is likely to be even
smaller.
The remaining uncolored strip in Fig. 13 therefore represents the region in which the stochastic
excitation of ζ can be the dominant contribution to the power spectrum without running into
backreaction issues for most realizations. Note that the green dashed curve represents the contour
for which the perturbativity bound is saturated in the arithmetic average sense, i.e. 〈δ∆2ζ〉 = 1, and
it would in principle correspond to the upper bound in the allowed range in Ns(σ/H)2 and Ntot.
Nevertheless, the arithmetic mean is expected to significantly overestimate the amplitude of a typical
member of the ensemble. Moreover, in the observable wavenumber window, the vacuum power
spectrum may be re-normalized, so that ∆2ζ ' δ∆2ζ  ∆2ζ,0. The dash-dotted purple curve shows the
saturation of the perturbativity bound for the µ2-suppressed mean of δ∆
2
ζ for ∆
2
ζ,0 = ∆
2
ζ,Planck, and
can be interpreted as the limit in which our assumptions are violated for most, if not all members
of the ensemble of realizations.
We therefore conclude that, despite the sharp dependence of the stochastic excitation of the power
spectrum and the χ energy density on the number of e-folds and the scattering parameter, a wide
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phenomenologically interesting region in the parameter space can be identified. We now proceed to
study the potential observational consequences of the existence of disorder in this allowed window.
6 Observational Implications
In this section, we discuss the observational consequences of an epoch of non-adiabatic particle
production during inflation. We will focus on the power spectrum of the primordial curvature
fluctuation, as observed through the temperature and polarization fluctuations of the CMB and
the distribution of matter in the low redshift universe (and tracers thereof). The scenarios that
potentially lead to observable effects on the curvature power spectrum are summarized in Figs. 14
and 15 for convenience.
While inflation typically lasts at least 50-60 e-folds, observations directly probe < 10 e-folds.
Over this range of scales, observations of the CMB and galaxy surveys require the primordial power
spectrum to be very nearly scale-invariant. Localized deviations of scale invariance are constrained
at the one-percent level from the Planck [1] and BOSS [2] data. Indirect constraints from spectral
distortions [73] or primordial black holes [74] constrain the amplitude of fluctuations on smaller
scales but still allow for large deviations from scale invariance on such scales.
We have shown that stochastic particle production introduces, in general, a scale-dependent
correction to the primordial power spectrum, and is most prominent for the curvature modes that
cross the horizon during the era of stochastic particle production. The amplitude of this correction
depends on Ns(σ/H)2, and also on the particular realization of the disorder for a given Ns(σ/H)2,
varying significantly from realization to realization of the stochastic masses and distribution of
scatterers in time.
If the amplitude of the stochastic piece of the power spectrum on a given range of scales is much
smaller than the vacuum production of adiabatic modes, δ∆2ζ  ∆2ζ,0, then the effect of stochastic
particle production will of course be difficult to observe. Analytically, the results presented in
Section 4 suggest that this will be the case if the disorder strength Ns(σ/H)2 . O(1). This is a
statistical result based on the mean of a very skewed distribution. While even for fixed Ns(σ/H)2
we cannot predict with certainty if the stochastic sourcing will be observable or not, based on the
probability distributions discussed in Section 3.4, a large correction to the adiabatic spectrum is
unlikely for Ns(σ/H)2 . O(1).
Fig. 14 shows three possibilities that can arise if the stochastic power spectrum dominates over
the adiabatic one, δ∆2ζ  ∆2ζ,0 which we expect for Ns(σ/H)2 & O(10). In our study, the scales
corresponding to the beginning (k0) and the end (kf ) of the particle production epoch are uncon-
strained relative to the total duration of inflation. As a result, we can consider at least three distinct
possibilities for their relation with the observable range ∆kobs roughly centered around the pivot
scale k? of CMB measurements. These three possibilities include: (i) The particle-production era
may have occurred very early during inflation, spanning wavenumbers much smaller than k? (top
panel). (ii) The non-adiabaticity could have occurred in a temporal window overlapping with the
observationally reachable range, k0 < k? < kf (middle panel). (iii) The stochastic enhancement
could have been active very late during inflation, at wavenumbers much higher than k?. (bottom
panel).
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Figure 14: Relative position of the observable co-moving momentum band (pink) relative to the domain
spanned by the stochastically sourced power spectrum (yellow), in the case δ∆2ζ  ∆2ζ,0. Here k? denotes the
(Planck) pivot scale, k0 = |τ0|−1 and kf = |τf |−1. The tilt of the vacuum contribution ∆2ζ,0 has been omitted
for clarity.
(i) The top scenario, with kf  k? corresponds to an enhancement of power at superhorizon scales
that are not reachable by direct observations. Note that here we would need ∆2ζ,Planck ' ∆2ζ,0
for the total ∆2ζ to be consistent with observations within ∆kobs. Nevertheless, we could
have observational implications in the higher point correlation functions. The statistics in
our Hubble volume could also be biased by the long wavelength background [75]. Due to the
complexity of the calculations leading to the two-point correlation function of ζ presented here,
we leave the discussion of such effects on higher point correlation functions for future work. We
believe that the effect of the stochastic sourcing on higher point functions may be even more
dramatic given the marked skewness of the field amplitude distribution functions. Although
we did not present/assume an explicit inflationary model in which copious particle production
with kf  k? would be realized, models with a quasi-de Sitter complex “pre-inflationary”
stage have been discussed in the literature [76].
(ii) The middle scenario of Fig. 14 corresponds to the case when we would have the observed
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Figure 15: Position of the observable co-moving momentum band (pink) relative to the domain spanned by
the stochastically sourced power spectrum (yellow), in the case δ∆2ζ ' ∆2ζ,0. Here k? denotes the (Planck)
pivot scale, k0 = |τ0|−1 and kf = |τf |−1. The tilt of the vacuum contribution ∆2ζ,0 has been omitted for
clarity.
amplitude of the curvature spectrum be dominated by the stochastically sourced contribution:
∆2ζ,Planck ' δ∆2ζ  ∆2ζ,0. The stochastically sourced contribution is typically highly scale
dependent with many features. Although this is an exciting prospect, given the strength of
constraints related to deviations from scale invariance of ∆2ζ on ∆kobs (7-10 e-folds) [1, 2, 7, 54],
it is highly unlikely that this scenario is realized for our universe. This k range however is still
interesting, and can lead to observationally interesting results, albeit when ∆2ζ,Planck ' ∆2ζ '
∆2ζ,0, in the observational window. Such cases are shown in Fig. 15, and discussed further
below.
(iii) The bottom panel of Fig. 14 depicts a situation where large deviations from scale invariance
occur outside the currently observable window. The most obvious reason for this is if the
observable modes cross the horizon before the era of stochastic particle production, with k0 
k?. The late-time stochastic excitation of the spectator field may be tied to the end of inflation
and the eventual beginning of the (p)reheating epoch [13, 77]. Depending on how close the
stochastic sourcing occurs to the end of inflation, the deviation from scale invariance may still
be detectable indirectly, through CMB spectral distortions [7], primordial black holes, etc. [74].
Fig. 15 depicts what could be the most surprising and interesting possibility. In this scenario,
particle production is happening during the interval when the observed modes crossed the horizon,
however for ∆kobs we have here δ∆
2
ζ ' ∆2ζ,0 ' ∆2ζ,Planck. There might be some mild features
in the power spectrum on observational scales, and potentially larger ones on scales outside the
observational window. What is particularly intriguing in this case is that such highly scale dependent
effects can arise, even though the underlying physics is time translation invariant. In particular, the
probability distribution for the stochastic masses is independent of time and thus a large change to
the power spectrum on small scales occurs only by chance. In this sense, indirect observations of
the power spectrum may still yield dramatic surprises, even if inflation itself made no effort to hide
these effects. As an explicit example, as discussed in the Introduction in the context of Figs. 1 and
2, as well as in Section 3.4, the realizations for which δ∆2ζ ' ∆2ζ,0 are likelier than that for which
δ∆2ζ  ∆2ζ,0, for the set of chosen parameters, namely Ns(σ/H)2 = 25, Ntot = 20.17 Although we
17The complete distribution also includes realizations that are ruled out by present data.
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do not elaborate on the details of their production, the case depicted in Fig. 15 is also of relevance
for CMB spectral distortions [7], primordial black holes etc. [74].
7 Conclusions
In this paper we have studied the imprints on the primordial curvature power spectrum (∆2ζ) due to
the repeated, non-adiabatic and stochastic excitation of a spectator field (χ) in a de Sitter (inflating)
background. Our general approach was to model the complexity of the underlying background field
content and dynamics as an effective mass of spectator fields, m2(t), which changes repeatedly and
non-adiabatically. This leads to particle production in the spectator fields, which in turn sources the
curvature perturbation. We investigated how the curvature spectrum is sourced by an individual
realization of the repeatedly changing effective mass, as well as the statistical properties of the
curvature power spectrum over an ensemble of such realizations. We summarize our formalism,
results and implications below.
Formalism
We first set up the formalism necessary to calculate the curvature power spectrum sourced by the
repeated excitation of a spectator field. Within our formalism, the leading order coupling between
the curvature perturbation and the spectator field was naturally determined in terms of the time
derivative of the effective mass of the spectator fields: ∼ dm2(t)/dt ζ χ2 . To simplify the analysis
we restricted our attention to a conformally massive spectator field, and modeled the non-adiabatic
changes in the effective mass by a series of Dirac-delta functions m2(t) =
∑
imiδ(t− ti). We argued
that in the limit of a large number of scatterers per e-fold (Ns  1), the internal structure of the
non-adiabatic changes in the effective mass (which we approximated as Delta-functions – but more
realistically have a temporal with ∼ w) does not modify our results. Within this limit, an adiabatic
subtraction scheme [57–62] regulates the usual (unsourced) UV divergences in momentum integrals.
Our formalism allows for controlled calculations even when the sourced curvature spectrum dom-
inates over the unsourced one (δ∆2ζ  ∆2ζ,0), as long as the total curvature perturbations remain
small compared to unity. That is, ∆2ζ = δ∆
2
ζ + ∆
2
ζ,0  1. Another natural restriction of the do-
main of applicability of our formalism is that the energy density of the spectator fields remains
sub-dominant compared to the background energy density (ρχ  3M2PH2).
Numerical Investigations
We first carried out detailed numerical calculations using the transfer matrix approach [18], to
follow the evolution of the sourcing spectator field for a wide range of parameters. A particularly
useful parameter which determines the behavior of the fields is Ns(σ/H)2, where σ2 characterizes
the strengths of the variations in the effective mass: 〈mimj〉 = σ2δij . Our investigations included
strong, Ns(σ/H)2  1, and weak scattering Ns(σ/H)2 . 1. The evolution of spectator fields was
already investigated in earlier work [18]. The evaluation of the curvature spectrum sourced by these
excited spectator fields, however, was new to this present work.
The evaluation of the curvature spectrum required repeated numerical evaluation of momentum
integrals over the spectator field modes at unequal times and double-sums over the series of non-
adiabatic changes in the effective mass. This numerically intensive integration was carried out in
full for a limited number of cases, but after a series of checks, a number of simplifying assumptions
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were made to capture the leading order contributions to the curvature spectrum. In particular, we
made use of a numerical integration strategy inspired by the fact that the bulk of the curvature
perturbation is sourced by super-horizon modes of the spectator fields, and that the equal time
contributions to the integrals captured the important qualitative behavior (see Fig. 18).
We find that the part of the curvature power spectrum sourced by the spectator fields is enhanced
on an interval of wavenumbers ∆kstoc. ≡ (k0, kf/Hw), where k0 is determined by the inverse size
of the co-moving horizon at the beginning of the time interval when the effective mass is changing
repeatedly, and the upper limit kf by the inverse size of the co-moving horizon at the end of this
duration. w is the typical width in time of a single non-adiabatic event (and sets a momentum cut-off
for modes that can be excited non-adiabatically). The shape of the spectrum below k0 is always
δ∆2ζ ∝ k3, and is essentially determined by causality considerations. The rest of the spectrum,
amplitude and shape, is determined by Ns(σ/H)2 and the duration of scatterings in e-folds, Ntot.
For the purpose of the summary below we take Ntot ∼ 20− 40.
The main results regarding the amplitude of the power spectrum can be summarized as follows:
• In the weak scattering regime, with Ns(σ/H)2 . O(1), the stochastic sourcing of the power
spectrum is insufficient to significantly enhance the adiabatic (vacuum) component of the spec-
trum δ∆2ζ  ∆2ζ,0. This case is correlated with the absence of significant particle production
in the χ field, as expected. See Fig. 6.
• For larger values of the scattering parameter, O(1) . Ns(σ/H)2 . O(102), the enhancement of
the power spectrum can be significant, with the possibility of δ∆2ζ ∼ ∆2ζ,0, or even δ∆2ζ  ∆2ζ,0.
See Figs. 7–9. For larger Ns(σ/H)2 backreaction constraints tend to get severe (see Fig. 13).
• The shape of the power spectrum shows a lot bumps, which can change δ∆2ζ by orders of
magnitude. Moreover, there is a large variation (again by orders of magnitude) between
different realizations of the effective mass (even if Ns(σ/H)2 and Ntot are fixed). See Fig. 2.
• For a given Ns(σ/H)2 and Ntot, different realizations of the power spectra form an ensemble.
The amplitudes of the power spectra in this ensemble (at some fixed wavenumber) show a highly
skewed distribution which is in most cases well described by a skew-log-normal distribution
(see Fig. 10). For a finite sample size from this ensemble, we find that the sample mean
overestimates the typical power spectrum. A better estimate for a typical member is given by
the geometric mean. See Fig. 1.
Analytic Results
We exploited the geometric random walking nature of the spectator field magnitude to construct
closed-form solutions for the ensemble averaged curvature power spectrum. A key simplification
arises in the calculation of the curvature spectrum: under the ensemble average, only terms evaluated
at equal times contribute. We calculated the usual ensemble average, as well as a somewhat modified
ensemble average where we ignored the variance of the spectator field perturbations. We showed
that for Ns(σ/H)2 > 1, the ensemble mean is dominated by the tail of the distribution of power
spectra amplitudes, and is thus significantly larger than the typical curvature spectrum from the
ensemble. On the other hand the modified ensemble average is lower in amplitude than a typical
curvature spectrum.
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The shape of the ensemble averaged power spectrum is determined Ns(σ/H)2 and Ntot. For
k < k0, we find a k
3 behavior as expected from causality. For strong scattering, we find the slope for
k0 < k < kf is red – this is primarily related to the time spent by the curvature mode outside the
horizon during the duration of scattering. For weak scattering, this slope is blue and logarithmic.
See Fig. 11.
The analytic calculations were quite useful for us to understand some qualitative aspects of the
results for the curvature spectra. However, the high level of variability from realization to realization,
and the very skewed distribution of power spectrum amplitudes (especially when Ns(σ/H)2  1)
make the analytic calculations only marginally useful in estimating the behavior of any particular
realization of the curvature power spectrum.
The power spectra (in an ensemble averaged sense) show a break from scale invariance even
though we impose scale invariance on the statistical properties of the effective mass for the duration
of scattering. Part of this can be explained by the assumption of a finite duration of scattering,
and a ultraviolet cut-off in the wavenumbers that can be non-adiabatically excited. Even on scales
away from these limits, the lack of scale invariance in the power spectrum comes from the fact
that curvature perturbations continue to grow after horizon crossing for the duration that scattering
continues (see Fig. 1). The time spent outside the horizon during the scattering duration translates
to a scale dependence.
Observational Implications
To understand the observational implications there are two intervals in k that are relevant. First, is
the observational window ∆kobs spanned by modes that can be probed by the CMB anisotropies and
LSS (a few decades near the pivot scale k?). The second is the interval ∆kstoc. = (k0, kf/Hw) where
the sourced part of the curvature power spectrum (δ∆2ζ) deviates significantly from scale invariance.
For brevity, below we only discuss cases where ∆kobs ∩∆kstoc. = ∅ or ∆kobs ∩∆kstoc. = ∆kobs.
• For ∆kobs ∩ ∆kstoc. = ∅, we must have the vacuum part of the curvature power spectrum
be dominant in the observational window: ∆2ζ ' ∆2ζ,0. While the power spectrum in the
observational window would not directly contain features of the stochastic particle production,
the higher-point correlation functions might still contain an imprint. See Fig. 14.
If kf/Hw is to the left of the observational window (top panel in Fig. 14), or if k0 is to
the right of the observational window (bottom panel Fig. 14), it is possible for δ∆2ζ  ∆2ζ,0.
The latter would bias our background, whereas the former could potentially lead to CMB
spectral distortions and formation primordial black holes. Such large stochastic components
are possible with Ns(σ/H)2 > 1 and/or Ntot being sufficiently large.
• For ∆kobs ∩∆kstoc. = ∆kobs, given the constraints from CMB anisotropies and LSS, we would
have to be in a regime where δ∆2ζ . ∆2ζ,0, at least within ∆kobs. See middle panel of Fig. 14
and Fig. 15. This restricts Ns(σ/H)2 . O(10) if we want almost all realizations to have
δ∆2ζ  ∆2ζ,0.
• There is high variability between different members of the same ensemble (especially for
Ns(σ/H)2 > 1). This makes the inference from the measured power spectrum to definite
underlying (statistical) parameters non-trivial. See Fig. 1 and Fig. 2.
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Future Directions
We have provided a detailed analysis of the two-point correlation function of the curvature spectrum
sourced by spectator fields – it would be natural to carry out similar calculations for higher-point
correlation functions [51]. These higher-point correlators may reveal evidence for stochastic particle
production and the complexity of the inflationary dynamics, even when the additionally sourced
curvature power spectrum is subdominant compared to the vacuum contribution. Another possible
avenue to pursue is to work in a regime where the backreaction of the curvature perturbations on
the particle production, and the backreaction of particle production on the background evolution
need to be taken into account. We hope these analyses will be performed in future works. Similarly,
we postpone the study of stochastic gravitational wave production [78], as well as the application of
the stochastic framework to the early stages of non-perturbative reheating [13].
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A Derivation of the Sourced Power Spectrum for Dirac-delta Scatterers
In this appendix we derive in detail Eq. (3.2) for the correction to the curvature power spectrum due
to the stochastic excitation of a spectator field by Dirac-delta scatterers. Our calculation will require
the evaluation of the X mode functions and their derivatives at each scatterer location. Recall from
(2.29) that the equation of motion for the mode functions of the canonically normalized spectator
field has the form
X ′′k (τ) +
[
k2 − a
′′
a
+ a2M2 +
∑
i
mia(τi)δ(τ − τi)
]
Xk(τ) = 0 . (A.1)
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It follows that, at each scatterer location, the junction conditions must be satisfied,
Xk(τ
+
i ) = Xk(τ
−
i ) , (A.2)
X ′k(τ
+
i ) = X
′
k(τ
−
i )−mia(τi)Xk(τi) . (A.3)
Note the discontinuity of the derivative. We use the junction conditions above and Eq. (3.1) as
our starting points. Distributing the conformal time derivatives, we split (3.1) into three pieces,
corresponding to how many derivatives act on the X mode functions, δ∆2ζ = δ∆
2
ζ
∣∣
0
+ δ∆2ζ
∣∣
1
+ δ∆2ζ
∣∣
2
.
No X-derivative
The first term in the expansion (3.2) arises from the term in (3.1) that contains no derivatives acting
on X. In this case, the continuity of the mode functions allows for a straightforward evaluation,
δ∆2ζ
∣∣
0
= 4pi2(∆2ζ,0)
2 k
3
H6
∑
i,j
mimj
∫
dτ ′ dτ ′′
δ(τ ′ − τi)
a(τ ′)
δ(τ ′′ − τj)
a(τ ′′)
d
dτ ′
d
dτ ′′
{
Gk(τ, τ
′)
a(τ ′)
Gk(τ, τ
′′)
a(τ ′′)
}
×
∫
d3p
(2pi)3
[
Xp(τ
′)X∗p (τ
′′)
]
AS
[
X|p−k|(τ ′)X∗|p−k|(τ
′′)
]
AS
= 4pi2(∆2ζ,0)
2 k
3
H2
∑
i,j
mimj
∫
dτ ′ dτ ′′ δ(τ ′ − τi)δ(τ ′′ − τj)(τ ′)2(τ ′′)2Gk(τ, τ ′)Gk(τ, τ ′′)
×
∫
d3p
(2pi)3
[
Xp(τ
′)X∗p (τ
′′)
]
AS
[
X|p−k|(τ ′)X∗|p−k|(τ
′′)
]
AS
= 4pi2(∆2ζ,0)
2
∑
i,j
mimj
H2
(kτi)
2(kτj)
2Gk(τ, τi)Gk(τ, τj)
×
∫
d3p
(2pi)3k
[
Xp(τi)X
∗
p (τj)
]
AS
[
X|p−k|(τi)X∗|p−k|(τj)
]
AS
≡ 4pi2(∆2ζ,0)2
∑
i,j
mimj
H2
(kτi)
2(kτj)
2KIij . (A.4)
One X-derivative
Let us now collect all terms proportional to ∂τX in (3.1). They can be written in the following form,
δ∆2ζ
∣∣
1
= 4pi2(∆2ζ,0)
2 k
3
H6
∑
i,j
mimj
∫
dτ ′ dτ ′′
δ(τ ′ − τi)
a(τ ′)
δ(τ ′′ − τj)
a(τ ′′)
d
dτ ′
{
Gk(τ, τ
′)
a(τ ′)
}
Gk(τ, τ
′′)
a(τ ′′)
× d
dτ ′′
∫
d3p
(2pi)3
[
Xp(τ
′)X∗p (τ
′′)
]
AS
[
X|p−k|(τ ′)X∗|p−k|(τ
′′)
]
AS
+ τ ′ ↔ τ ′′
= 4pi2(∆2ζ,0)
2
∑
i,j
mimj
H2
(kτi)
2Gk(τ, τi)
∫
dτ ′′ δ(τ ′′ − τj)(kτ ′′)2Gk(τ, τ ′′)
× d
dτ ′′
∫
d3p
(2pi)3k
[
Xp(τi)X
∗
p (τ
′′)
]
AS
[
X|p−k|(τi)X∗|p−k|(τ
′′)
]
AS
+ τ ′ ↔ τ ′′ .
(A.5)
Note that now the result depends on the derivative of the mode functions of X at the discontinuity
(see (A.3)). Nevertheless, an unambiguous value for the conformal time integral in (A.5) can be
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computed [79]. Approximating the delta function by a sequence of functions of area one, e.g.
δ(τ ′′ − τj) = lim
→0
1
2
×
{
1 , |τ ′′ − τj | < 
0 , otherwise
, (A.6)
and applying the continuity conditions on the mode function and its derivative across the interface,
it is straightforward to verify that the following replacement rule applies inside the integral sign,
δ(τ ′′ − τj) d
dτ ′′
X∗p (τ
′′) =
1
2
δ(τ ′′ − τj)
[
X∗′p (τ
+
j ) +X
∗′
p (τ
−
j )
]
= δ(τ ′′ − τj)
[
X∗′p (τ
−
j )−
1
2
mja(τj)X
∗
p (τj)
]
. (A.7)
Substitution of this outcome into (A.5) gives the following final expression for the single-derivative
contribution,
δ∆2ζ
∣∣
1
= 4pi2(∆2ζ,0)
2
∑
i,j
mimj
H2
(kτi)
2(kτj)
2Gk(τ, τi)Gk(τ, τj)
×
∫
d3p
(2pi)3k
{([
Xp(τi)X
∗′
p (τ
−
j )
]
AS
[
X|p−k|(τi)X∗|p−k|(τj)
]
AS
+
[
Xp(τi)X
∗
p (τj)
]
AS
[
X|p−k|(τi)X∗′|p−k|(τ
−
j )
]
AS
+ h.c.
)
+
(
mi
2Hτi
+
mj
2Hτj
)(
Xp(τi)X
∗
p (τj)
[
X|p−k|(τi)X∗|p−k|(τj)
]
AS
+
[
Xp(τi)X
∗
p (τj)
]
AS
X|p−k|(τi)X∗|p−k|(τj)
)}
. (A.8)
Two X-derivatives
We finish by calculating the contribution from δ∆2ζ
∣∣
2
. Using the replacement rule (A.7), this expan-
sion is straightforward, albeit somewhat lengthy,
δ∆2ζ
∣∣
2
= 4pi2(∆2ζ,0)
2 k
3
H6
∑
i,j
mimj
∫
dτ ′ dτ ′′
δ(τ ′ − τi)
a(τ ′)
δ(τ ′′ − τj)
a(τ ′′)
Gk(τ, τ
′)
a(τ ′)
Gk(τ, τ
′′)
a(τ ′′)
× d
dτ ′
d
dτ ′′
∫
d3p
(2pi)3
[
Xp(τ
′)X∗p (τ
′′)
]
AS
[
X|p−k|(τ ′)X∗|p−k|(τ
′′)
]
AS
= 4pi2(∆2ζ,0)
2
∑
i,j
mimj
H2
(kτi)
2(kτj)
2Gk(τ, τi)Gk(τ, τj)
×
∫
d3p
(2pi)3k
{[
X ′p(τ
−
i )X
∗′
p (τ
−
j )
]
AS
[
X|p−k|(τi)X∗|p−k|(τj)
]
AS
+
[
X ′p(τ
−
i )X
∗
p (τj)
]
AS
[
X|p−k|(τi)X∗′|p−k|(τ
−
j )
]
AS
+
[
Xp(τi)X
∗′
p (τ
−
j )
]
AS
[
X ′|p−k|(τ
−
i )X
∗
|p−k|(τj)
]
AS
+
[
Xp(τi)X
∗
p (τj)
]
AS
[
X ′|p−k|(τ
−
i )X
∗′
|p−k|(τ
−
j )
]
AS
+
mj
2Hτj
(
X ′p(τ
−
i )X
∗
p (τj)
[
X|p−k|(τi)X∗|p−k|(τj)
]
AS
+Xp(τi)X
∗
p (τj)
[
X ′|p−k|(τ
−
i )X
∗
|p−k|(τj)
]
AS
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+
[
X ′p(τ
−
i )X
∗
p (τj)
]
AS
X|p−k|(τi)X∗|p−k|(τj)
+
[
Xp(τi)X
∗
p (τj)
]
AS
X ′|p−k|(τ
−
i )X
∗
|p−k|(τj) + h.c.
)
+
mimj
4H2τiτj
(
Xp(τi)X
∗
p (τj)
[
X|p−k|(τi)X∗|p−k|(τj)
]
AS
+
[
Xp(τi)X
∗
p (τj)
]
AS
X|p−k|(τi)X∗|p−k|(τj)
+ 2Xp(τi)X
∗
p (τj)X|p−k|(τi)X
∗
|p−k|(τj)
)}
. (A.9)
Our derivation is completed by noting that
δ∆2ζ
∣∣
1
+ δ∆2ζ
∣∣
2
= 4pi2(∆2ζ,0)
2
∑
i,j
mimj
H2
(kτi)
2(kτj)
2
(KIIij +KIIIij ) , (A.10)
with KIIij and KIIIij given by (3.4) and (3.5).
B Cutoff-Dependence of the Power Spectrum
Although the Dirac-delta approximation for the stochastic mass of the spectator field is a convenient
mathematical tool for the computation of cosmological observables, the unphysical vanishing widths
for the scattering events is a source of divergences that need to be addressed to obtain a physically
sensible result. In this appendix, we study the dependence of the stochastic power spectrum on the
UV cutoff that is required to regularize the momentum integral in the Dirac-delta approximation for
m2(τ). First, we discuss the nature of the cutoff, and then we proceed to compute its contribution
to ∆2ζ in the large Ns limit.
B.1 UV Sensitivity in the Dirac-delta Approximation
Consider for simplicity the “diagonal”, equal-time terms in the sum in Eq. (3.2). As it was described
in Section 2.2, Xp modes that are deep inside the horizon are near their vacuum state. Therefore, at
a given conformal time τi, any mode for which |pτi|  1 can be approximated by the vacuum mode
function plus a correction,
(|pτi|  1) Xp(τi) ' X0p (τi) + δXp(τi) . (B.1)
For a conformally massive spectator, X0p (τi) = e
−ipτi/
√
2p. The form of δXp(τi) can be estimated
by a “last scatterer” approximation; inside the horizon the mode will be most strongly sourced by
the latest non-adiabatic event. Using the transfer matrix formalism (see [18]),
(|pτi|  1) δXp(τi) = imia(τi)
2p
e−2ipτiX0 ∗p (τi) . (B.2)
We introduce a momentum cutoff (Λ) beyond the horizon scale. Then, at large momenta,
KIij ∼
∫
d3p
(2pi)3
(
X0p (τi)δXp(τi)
)2 ∝ Λ−1 , (B.3)
KIIij ∼
∫
d3p
(2pi)3
(
X0p (τi)
)3
δXp(τi) ∝ ln(Λ) , (B.4)
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KIIIij ∼
∫
d3p
(2pi)3
(
X0p (τi)
)4 ∝ Λ . (B.5)
In the absence of a cutoff, the correction (3.2) appears to exhibit a leading linear divergence, and a
sub-leading logarithmic divergence, with only KI converging to a finite result. As advertised earlier,
the source of this apparent failure of the AS regularization scheme is the singular nature of the
effective mass (2.28). For any finite-duration events, the non-adiabatic excitation of a mode Xp(τi)
is subject to the condition that
pphysw = |pτi|Hw < 1 , (B.6)
where pphys is the physical momentum at τi, and w denotes the temporal “width” of the scatterer.
As an example, in the case of a “sech” effective mass,
m2(t) =
∑
j
mj
2w
sech2
(
t− tj
w
)
, (B.7)
which in the limit w → 0 reduces to (2.28), the excitation of the sub-horizon mode in the last-
scatterer approximation takes the form [16]
|δXp(τi)| '
∣∣∣∣∣cos
(
pi
2
√
2mjw + 1
)
sinh(pi|pτj |Hw) X
0∗
p (τj)
∣∣∣∣∣ (B.8)
in the narrow width limit. For |pτi|Hw  1, this expression reduces to the Dirac-delta result (B.2),
while for |pτi|Hw  1 the excitation is exponentially suppressed, δXp(τi) ∝ e−pi|pτi|Hw.
Extrapolating18 these results, we identify the comoving momentum cutoff with the inverse scat-
tering width; more precisely
Λi ≡ (Hwτi)−1 , (B.9)
i.e. Eq. (3.6). Note that this cutoff is time-dependent, ensuring that for sufficiently narrow scat-
terers no super-horizon modes are ever suppressed from the calculation. Although the previous
discussion appears to be valid only for the equal-time terms of the sum (3.2), we have verified that
our conclusions also apply in the unequal time case.
B.2 Cutoff-Independence in the Large Ns Limit
We now show that in the large Ns limit, the cutoff dependence of ∆2ζ is subdominant with respect
to the stochastic sourcing from super-horizon modes. As we learned in the previous Section, KIII
contains a linear divergence in the UV due to the Dirac-delta approximation, that must be tamed
with a scatterer width cutoff. Given that this divergence dominates over the logarithmic dependence
on Λ of KII, we therefore find that the simplest way to explore the cutoff dependence of δ∆2ζ is to
consider the equal-time contribution from the last term of (3.5), given that it lacks any AS terms
that would regularize the integral in the ultraviolet.
Let us then compute the equal-time contribution to the power spectrum coming from the last
term of (3.5). Recalling (2.24), (3.6) and (B.5), we can schematically approximate the partial sum
18We have verified these claims numerically for a limited number of scatterers using the sech approximation (B.7).
In particular, for any w 6= 0 the resulting power spectrum correction is always finite, and is consistent with the scalings
(B.3)-(B.5).
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in (3.2) as follows,
δ∆2ζ(k)
∣∣
III,m4
' 2pi2(∆2ζ,0)2
∑
i
(mi
H
)4
(kτi)
4
(
Gk(τ, τi)
τi
)2 ∫ d3p
(2pi)3k
|Xp(τi)|2|X|p−k|(τi)|2
∼ (∆2ζ,0)2(Hw)−1
 ∑|kτi|≥1
(mi
H
)4 |kτi|−1 + 1
9
∑
|kτi|<1
(mi
H
)4 |kτi|3
 . (B.10)
Note that we assume here that deep sub-horizon modes dominate the momentum integral, as it
certainly is for a sufficiently small scatterer width w. Also note that we have split the sum over
locations in two terms. The first adds over the time during which the pi k-mode is inside the horizon.
If this mode remains always inside the horizon while scatterings are active, one can then disregard
the second term inside the brackets. Note in passing that this result suggests a k−1 scaling for
the power spectrum correction for modes that are always sub-horizon. The second term inside the
brackets adds over the times after the k-mode has left the horizon. If the mode is always outside
the horizon while scatterings are active, a k3 dependence arises for δ∆2ζ(k)
∣∣
III,m4
.
We now estimate the instantaneous value of m4i by the square of its variance, m
4
i ∼ σ4, as per
(2.30). In this approximation, the evaluation of the sums in (B.10) is straightforward. Our present
goal is just to show that each sum schematically combines with two powers of mi into the scattering
parameter Ns(σ/H)2. Nevertheless, we evaluate these sums explicitly here as this will lead to a
significant simplification of algebraic steps in the future (see Appendix D). We approximate the
locations of the scattering events by a uniform grid in cosmic time, with separation between sites
δt = 1/HNs  1/H; this estimate is justified in Section 4. We denote by i∗ the (approximate)
scattering site at which pik crosses the horizon, and for definiteness we assume that the mode leaves
the horizon while scatterings are active, that is |kτ0|  1 and |kτf |  1, where τ0 and τf denote the
conformal times at the beginning and end of scattering, respectively (see (3.9) for a complete list of
definitions). With all this in mind, the sums can then be approximated as follows,∑
|kτi|≥1
(mi
H
)4 |kτi|−1+1
9
∑
|kτi|<1
(mi
H
)4 |kτi|3
∼
( σ
H
)4{|kτ0|−1 i∗∑
i=0
(
τ0
τi
)
+
|kτ0|3
9
Ns∑
i=i∗
(
τi
τ0
)3}
'
( σ
H
)4{|kτ0|−1 i∗∑
i=0
(
eHδt
)i
+
|kτ0|3
9
Ns∑
i=i∗
(
e−3Hδt
)i}
'
( σ
H
)4{|kτ0|−1(τ0/τ∗ − 1
Hδt
)
+
|kτ0|3
9
(
(τf/τ0)
3 − (τ∗/τ0)3
Hδt
)}
' Ns
( σ
H
)4{(
1− |kτ0|−1
)
+
1
27
(
1− |kτf |3
)}
∼ Ns
( σ
H
)4
. (B.11)
Note that this result implies that the correction (B.10) to the power spectrum is approximately scale
invariant for momenta k0  k  kf , where k0 = |τ0|−1 and kf = |τf |−1. All in all, we can write
δ∆2ζ
∣∣
III,m4
∼
(
Ns
( σ
H
)2)2 (∆2ζ,0)2
NsHw . (B.12)
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From the previous expression one can immediately read the N−1s suppression. Note in passing the
quadratic dependence of δ∆2ζ onNs(σ/H)2, a hallmark of sub-horizon mode contributions. Moreover,
as mentioned earlier, this contribution is scale-invariant.
Comparing this result to that corresponding to the KI contribution in the k0 < k < kf regime,
shown in Eq. (3.12), we find that
δ∆2ζ
∣∣
III,m4
δ∆2ζ
∣∣
I
∼ Ns
( σ
H
)2 e−|γ|Ntot
NsHw
(
k
k0
)γ
. (B.13)
From this expression one is tempted to read the N−1s suppression as a justification to disregard
this cutoff-dependent correction in the limit of a large scatterer density. However, the width of the
scatterers and their density in time are not unrelated. Indeed, the constraint
Ns(Hw) < 1 , (B.14)
must be satisfied (separation between scatterers > width of scatterers). It is in fact the saturation
regime Ns(Hw) ∼ 1 with Ns  1 to what we refer as the large Ns limit. Note nevertheless that,
at k ∼ k0, the KI contribution will not be observable unless ∆2ζ,0Ns(σ/H)2e|γ|Ntot & 1. If this is the
case,
δ∆2ζ
∣∣
III,m4
δ∆2ζ
∣∣
I
.
(
Ns
( σ
H
)2)2
∆2ζ,0 , (B.15)
which is  1 for any value of the scattering parameter that avoids the backreaction constraint for
Ntot & 1 (see Section 5). We therefore conclude that the cutoff-dependent m4 contribution to the
power spectrum correction can be disregarded in the large Ns limit.
The previous result applies only to the last term in (3.5). An analogous argument based on
momentum power-counting can be constructed for the cutoff-dependent (sub-horizon) component
of the entire KII and KIII terms in (3.2). However, one must also take into account the cutoff-
independent, super-horizon contribution to these two terms, which can in principle be as important
as that given by KI. Instead of a lengthly, semi-quantitative argument, we present a brief numerical
exploration of our findings.
Fig. 16 shows the geometric mean of the ratio (B.13) and its corresponding counterparts for the
full KII and KIII contributions, computed as a function of Ns for 50 realizations of the effective mass
m2(t), with k = k0, Ntot = 20, Ns(σ/H)2 = 25 and Hw = 10−3. The left panel clearly depicts the
inverse dependence of (B.13) with Ns. The center and right panels of demonstrate that this behavior
is not shared by the full KII and KIII terms, suggesting that the cutoff dependence is irrelevant at
large Ns. Moreover, both contributions can be as large or larger than that given by KI, although
the results seemingly confirm our claim made in Section 3.1 that they can be regarded as O(1)
corrections to the KI result.
For both KII and KIII the integrand contains conformal time derivatives of the X Fourier modes.
We therefore expect that, in the regime of exponential excitation of the spectator field, the contribu-
tion from small momentum, super-horizon modes to the integral will be suppressed relative to that
in KI. The result of our numerical exploration in this regime is presented in Fig. 17, which shows
the ratios of the power spectrum components as a function of scattering strength, with Hw = 10−3,
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Figure 16: Ratios of various contributions to the total power spectrum correction (3.2) relative to the KI-
dependent fraction (3.3) as functions of Ns for Hw = 10−3, k = k0, Ntot = 20 and Ns(σ/H)2 = 25. Left:
the relative correction for the m4-dependent term of KIII (3.3). Center: the relative correction for the full
KIII contribution. Right: the relative correction for the KII contribution (3.4). Each curve corresponds to the
geometric mean of 50 unique realizations of the disorder. For the numerical method used see Appendix C.
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Figure 17: Ratios of various contributions to the total power spectrum correction (3.2) relative to the KI-
dependent fraction (3.3) as functions of Ns(σ/H)2 for Hw = 10−3, k = k0, Ntot = 20 and Ns = 50. Left: the
relative correction for the full KIII contribution (3.3). Right: the relative correction for the KII contribution
(3.4). Each curve corresponds to the geometric mean of 50 unique realizations of the disorder. For the
numerical method used see Appendix C.
k = k0, Ntot = 20 and Ns = 50. The left panel corresponds to the ratio of the KIII term of (3.2)
to the KI term. Note that at the lower end of the considered range of scattering strengths, the
“III” contribution dominates over the “I” one, but is nevertheless only enhanced by an O(1) fac-
tor. As Ns(σ/H)2 is increased, the ratio decreases, until it becomes . 1 for Ns(σ/H)2 ' 40. For
Ns(σ/H)2 & 60, the decreasing trend is reverted, and the ratio increases, albeit not significantly
for scattering strengths . 100. Larger values of Ns(σ/H)2 typically lead to the breakdown of the
perturbative expansion (2.1) (see Section 5).
The right panel of Fig. 17 shows the ratio of the KII term to KI as a function of Ns(σ/H)2. Note
that in this case the decreasing trend is also present, and there is no growth at large Ns(σ/H)2. For
all scattering strengths considered, the result implies that the “II” component of δ∆2ζ is at most 1.3
times larger than the “I” component, and it is smaller than it for Ns(σ/H)2 & 20. We therefore
conclude that (3.7) is indeed an adequate approximation to δ∆2ζ at large Ns.
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C Numerical Method
In this appendix we discuss the approximations that we have made in order to evaluate numeri-
cally the stochastic component of the power spectrum (3.7) in Section 3.3. We first note that the
validity of our results relies on the assumption that the number of scatterers per Hubble time is
large, Ns  1. For even a modest amount of expansion, Ntot = 20, this requires thousands of nu-
merical operations, first to compute the excited spectator momentum modes, second to numerically
evaluate the momentum integral, and third to compute the sum over scatterers. This complexity,
coupled with the exponentially increasing or decreasing factors in (3.7) requires a numerical code
capable of handling the extremely high precision that is required. To achieve this, we have built
our (Fortran) code making use of the thread-safe arbitrary precision package MPFUN-For [80]. We
have confirmed that our precision of choice (500 digits) is sufficient to ensure that the Wronskian
condition Xk(τ)X
∗′
k (τ)−X ′k(τ)X∗k(τ) = i is satisfied at all times.
The need for high precision translates into long code run times and significant memory usage.
For Ns ∼ 25, the evaluation of (3.7) for a single value of k requires measuring run times in units of
core-days, even when we use a simple trapezoidal estimator for the momentum integral. Therefore,
in order to explore the dependence of the power spectrum correction on the wavenumber of the
Goldstone mode, the duration of scatterings, and Ns(σ/H)2 we are forced to rely on a few simplifi-
cations. For the first we notice that only the diagonal i = j terms in the sum are positive definite.
Off-diagonal contributions alternate signs stochastically, and for Ns  1 we expect them to approx-
imately cancel each other due to the non-correlation of the scatterer amplitudes mi (see (2.30)). We
therefore assume that the equal-time approximation (3.8) encodes the bulk of the enhancement of
∆2ζ .
The second approximation that we use is more subtle. For small wavenumbers k ≤ (k0kf )1/2, the
momentum integral in (3.8) is dominated by modes that leave the horizon before or during the time
that scatterings are active, for which p, q . |τi|−1 with |τi|−1  k. We can therefore approximate
the integral by its value with p = q. For k ≥ (k0kf )1/2 the integral will instead be dominated by
super-horizon X-modes with p, q  k. In this case, we note that the integral may be approximated
by its value with q = p + k and q = p − k, which are at the edges of the integration domain (see
Fig. 5 and Figs. 19 and 20). In order to work with a uniform grid, we consider the rotated variables
x and y,
p = k
(
x− y√
2
+
1
2
)
,
q = k
(
x+ y√
2
+
1
2
)
,
(C.1)
and define the rescaled mode function Yp(τ) ≡
√
2pXp(τ). In terms of these, our numerical approx-
imation to the power spectrum correction can be written as follows,
δ∆2ζ(k) = (∆
2
ζ,0)
2
Ns∑
i,j
mimj
H2
(kτi)
2(kτj)
2Gk(τ, τi)Gk(τ, τj)k−2
×
∫ ∞
0
dp p
∫ p+k
|p−k|
dq q
[
Xp(τi)X
∗
p (τj)
]
AS
[
Xq(τi)X
∗
q (τj)
]
AS
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=
1
4
(∆2ζ,0)
2
Ns∑
i,j
mimj
H2
(kτi)
2(kτj)
2Gk(τ, τi)Gk(τ, τj)
×
∫ ∞
0
dx
∫ 1√
2
− 1√
2
dy
[
Yp(τi)Y
∗
p (τj)
]
AS
[
Yq(τi)Y
∗
q (τj)
]
AS
=
1
4
(∆2ζ,0)
2
Ns∑
i,j
mimj
H2
(kτi)
2(kτj)
2Gk(τ, τi)Gk(τ, τj)
×
∫ xsub
xsuper
dx
∫ 1√
2
− 1√
2
dy
[
Yp(τi)Y
∗
p (τj)
]
AS
[
Yq(τi)Y
∗
q (τj)
]
AS
=
1
4
(∆2ζ,0)
2
Ns∑
i,j
mimj
H2
(kτi)
2(kτj)
2Gk(τ, τi)Gk(τ, τj)
×
Nx∑
l=0
Ny∑
m=0
wl,mxl
[
Ypl,m(τi)Y
∗
pl,m
(τj)
]
AS
[
Yql,m(τi)Y
∗
ql,m
(τj)
]
AS
∆ln(x)∆y (C.2)
≈ 1
4
(∆2ζ,0)
2
Ns∑
i
m2i
H2
(kτi)
4G2k(τ, τi)
Nx∑
j=0
Ny∑
l=0
wj,lxl|Ypj,l(τi)|2AS|Yqj,l(τi)|2AS∆ln(x)∆y . (C.3)
In the third line we have limited the integration over x to the domain (xsuper, xsub), where xsuper
(xsub) denotes a momentum scale sufficiently deep inside (outside) the horizon. In the third line
we have discretized the integral over a uniform grid with (Nx + 1) × (Ny + 1) points in ln(x) and
y. Therein wj,l denote the weights of the integration routine, in this case the composite trapezoidal
rule. We note then that integration over the lines p = q, q = p + k and q = p − k is equivalent to
taking the number of nodes along the y-direction Ny = 3. Note that in any case, the equation of
motion for the spectator field must be solved for a total of Ns times for (Nx + 1)× (Ny + 1) different
momenta.
Figure 18 compares three different approximations to the power spectrum correction for a unique
realization of the disorder, with Ns(σ/H)2 = 25. This realization is the same as the largest outlier in
Fig. 7. The purple stars correspond to the “full” approximation given by (C.2) for k = k0, (k0kf )
1/2
and kf . Here the number of scatterers Ns ≈ 1000 and Nx = 300, Ny = 30 in momenta. In this case
it is difficult to increase the density of points in the plot due to the large amount of computational
resources needed.
The continuous green curve in Fig. 18 corresponds also to (C.2), but in this case we have made
use of the simplifying approximation Ny = 3. As it can be appreciated in the figure, no significant
difference in values with respect to the previous case can be appreciated, which justifies our assump-
tions. Although for this scenario we have been able to present a full power spectrum shape, the
computation is still very time consuming; each point in the curve requires O(1) days to be evaluated.
Given that our hope is to characterize the value of δ∆2ζ for different realizations, number of scatterers
and scattering strengths, we are forced to further simplify the calculation.
The final approximation that we consider, which we have used extensively in Section 3.3 and
Appendix B.2, is given by (C.3) and is shown as the red curve in Fig. 18. In this case, we make use
of the Ny = 3 approximation and the equal time approximation, i = j. When this is the case, a
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Figure 18: Relative correction to the curvature power spectrum for a unique realization of the disorder, with
Ns(σ/H)2 = 25, Ntot = 20 and Ns = 980. The purple stars correspond to the full approximation (C.2) with
Nx = 300 and Ny = 30. The green curve corresponds also to the full approximation (C.2) but with Ny = 3.
The red curve shows the result of the equal time approximation (C.3) with Nx = 300 and Ny = 3.
few hours are sufficient to obtain the whole power spectrum correction. The shape of this red curve
is very similar to the green curve discussed above, which we interpret again as a justification for
our estimates. However, note that the separation between these curves can be as large as an order
of magnitude for the largest values of the correction. Nevertheless, given that the spread between
realizations is significantly more pronounced that this difference (see Fig. 7), we consider that these
approximations are adequate to statistically address the parametric dependence of δ∆2ζ on Ntot and
Ns(σ/H)2.
D Computation of the Mean Power Spectrum
In this Appendix we provide the full derivation of the mean power spectrum 〈δ∆2ζ〉, starting from
Eq. (4.2). To allow for a simpler reading of the procedure we have divided the computation in three,
starting with the evaluation of the ensemble expectation values, to continue with the integration
over momentum and finishing with the summation over scatterers.
D.1 Brownian Ensemble Averages
In order to evaluate the momentum integral in (4.2), it is convenient first to calculate the expectation
values of the required powers of |Xp(τ)|2. This task can be readily completed by invoking the
geometric (Brownian) random walk nature of the spectator field. For two momenta p and q, the
n-point function (2.38) reduces to
〈|Xp(τ)|2|Xq(τ)|2〉 = e〈ln |Xp|2〉e〈ln |Xq |2〉e
1
2(〈Z2p〉+〈Z2q 〉+2〈ZpZq〉) . (D.1)
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Note that here we have suppressed the m, τ subindexes in the expectation value for simplicity.
Without loss of generality, let us assume that p > q. Recall that we also assume that scatterings start
when τ = τ0. If we further assume that Xp leaves the horizon before the beginning of scatterings,
then Xq also does. The mean and the variance of both modes grow immediately when τ = τ0 and
we can therefore write
〈|Xp(τ)|2|Xq(τ)|2〉 '
∣∣X0p (τ0)∣∣2 ∣∣X0q (τ0)∣∣2 e2µ1H(t−t0)e2µ2H(t−t0)
=
1
4pq
(τ0
τ
)2µ1+2µ2
, (D.2)
and
〈|Xp(τ)|2AS|Xq(τ)|2AS〉 '
1
4pq
[
|k0τ |−2µ1−2µ2 − 2|k0τ |−µ1− 12µ2 + 1
]
. (D.3)
If, instead, Xp leaves the horizon while scatterings are active, |pτ0| > 1, but |qτ0| < 1, then, at a
given time we can have either |pτ | < 1 or |pτ | > 1. Evaluating the former case first, we obtain
〈|Xp(τ)|2|Xq(τ)|2〉 '
∣∣X0p (τp)∣∣2 ∣∣X0q (τ0)∣∣2 eµ1H(t−tp)eµ1H(t−t0)e 32µ2H(t−tp)e 12µ2H(t−t0)
=
1
4pq
(τ0
τ
)µ1+ 12µ2 (τp
τ
)µ1+ 32µ2
, (D.4)
and
〈|Xp(τ)|2AS|Xq(τ)|2AS〉 '
1
4pq
[
|k0τ |−µ1− 12µ2 |pτ |−µ1− 32µ2 − |k0τ |−µ1− 12µ2 − |pτ |−µ1− 32µ2 + 1
]
. (D.5)
If instead |pτ | > 1, the result will be suppressed by AS, given that Xp will be near its vacuum
state. Nevertheless, it is possible to estimate the result, recalling that correlations between sub- and
super-horizon modes are negligible. Using (2.33), this allows us to factor the two-point function as
follows,
〈|Xp(τ)|2AS|Xq(τ)|2AS〉 '
(〈|Xp(τ)|2〉 − |X0p (τ)|2) (〈|Xq(τ)|2〉 − |X0q (τ)|2)
' 1
4pq
(
e
1
8
Ns(σ/H)2|pτ |−2 − 1
)(
eµ1H(t−t0)e
1
2
µ2H(t−t0) − 1
)
' 1
32pq
Ns(σ/H)2|pτ |−2
(
|k0τ |−µ1− 12µ2 − 1
)
. (D.6)
Finally, if Xp and Xq leave the horizon during scatterings, for only those times for which
|pτ |, |qτ | < 1 the AS will not result in a large suppression. It is clear that we can recover the
corresponding expression for the two-point function via the replacement k0 → q in (D.5). A similar
argument applies for the case where |pτ | > 1 and |qτ | < 1 with (D.6). From Eq. (D.6) one can
also immediately deduce the result for the doubly AS-suppressed case |pτ |, |qτ | > 1. We therefore
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summarize our results for the Brownian ensemble averages for p > q in the following way,
〈|Xp(τ)|2AS|Xq(τ)|2AS〉
' 1
4pq
×

|k0τ |−α−β − 2|k0τ |−β + 1 , 1 > |pτ0| (A)
|pτ |−α|k0τ |−β − |pτ |−β − |k0τ |−β + 1 , |pτ0| > 1 > |pτ |, |qτ0| (B)
|pτ |−α|qτ |−β − |pτ |−β − |qτ |−β + 1 , |pτ0|, |qτ0| > 1 > |pτ |, |qτ | (C)
1
8
Ns
( σ
H
)2 |pτ |−2 (|k0τ |−β − 1) , |pτ | > 1 > |qτ0| (D)
1
8
Ns
( σ
H
)2 |pτ |−2 (|qτ |−β − 1) , |pτ |, |qτ0| > 1 > |qτ | (E)
1
64
N 2s
( σ
H
)4 |pτ |−2|qτ |−2 , |pτ |, |qτ | > 1 (F) .
(D.7)
We have labeled each case with a letter for future convenience. The exponents α and β were defined
in (2.35). Note that if q > p, the corresponding two-point function can be obtained by taking p↔ q
in the previous expression.
D.2 The Momentum Integral
We now make use of (D.7) to evaluate the momentum integral in (4.2). We first note that the
integral can be rewritten in the following way,∫
d3p
(2pi)3k
〈|Xp(τi)|2AS|X|p−k|(τi)|2AS〉 = 1(2pi)2k2
∫ ∞
0
dp p
∫ p+k
|p−k|
dq q
〈|Xp(τi)|2AS|Xq(τi)|2AS〉
=
1
(2pi)2k2
[ ∫ ∞
k/2
dp p
∫ p
|p−k|
dq q
〈|Xp(τi)|2AS|Xq(τi)|2AS〉
+
∫ ∞
k/2
dq q
∫ q
|q−k|
dp p
〈|Xp(τi)|2AS|Xq(τi)|2AS〉 ]
=
1
2pi2k2
∫ ∞
k/2
dp p
∫ p
|p−k|
dq q
〈|Xp(τi)|2AS|Xq(τi)|2AS〉 . (D.8)
In arriving to the last line we have made use of the fact that the two-point function has the same
functional form for q > p as it has for p > q with the change p↔ q. Therefore, it suffices to consider
the p > q case shown in (D.7).
To go further, it is convenient to break the integration region into subdomains depending on the
values of |kτ0| and |kτi| relative to 1, 2 and the ratio τ0/τi. These correspond to the following cases,
(1) 1 > |kτ0| > τ0/τi − 1
(2) 1 > |kτ0| and τ0/τi − 1 > |kτ0|
(3) 2 > |kτ0| > 1 and |kτi| > 1
(4) 2 > |kτ0| > 1 and 1 > |kτi| > 1− τi/τ0
(5) 2 > |kτ0| > 1 and 1− τi/τ0 > |kτi| (D.9)
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(6) |kτ0|, |kτi| > 2
(7) |kτ0| > 2 > |kτi| and |kτ0| > τ0/τi + 1
(8) |kτ0| > 2 and |kτ0| > τ0/τi > |kτ0| − 1
(9) |kτ0| > 2 and |kτ0|+ 1 > τ0/τi > |kτ0|
(10) |kτ0| > 2 and τ0/τi > |kτ0|+ 1
These ten cases are illustrated in Figs. 19 and 20. Therein, within each diagram several integration
domains are shown, coded by the letters A-F depending on the corresponding value of the ensemble
average 〈|Xp(τi)|2AS|Xq(τi)|2AS〉, as found in (D.7). For ease of visualization, these domains are also
color coded.
In order to obtain manageable analytical expressions we will consider in full only two possibilities,
|kτ0|  1 (cases 10 and 6) and |kτ0|  1 (case 2). Also, for the sake of simplicity, we will not assume
the introduction of a cutoff scale at k  kf , since it would multiply the number of cases to be
considered. Nevertheless, even without this scale the stochastic contribution to the power spectrum
will be shown to be negligible for sufficiently large wavenumbers. In what follows we denote the
momentum integral over each of these subdomains as In, with n = {1, . . . , 10}.
k k0
Let us consider here the case when the mode k is inside the horizon before scatterings begin. The
stronger condition k  k0 simplifies the calculation, as it allows us to disregard cases 7, 8 and
9, since they are relevant only during a short period of time during scatterings. Note that case 6
cannot be outright neglected despite the fact that for it the p-mode is inside the horizon. For case 10
though, we can disregard any contributions from sub-horizon modes, and consider only the leading
A, B and C integration domains, which lead to the following result:
8pi2I10 ' 1
k2
{(∫ k−k0
k/2
dp
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k−p
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∫ p
k0
dq +
∫ −τ−1i
k+k0
dp
∫ p
p−k
dq
)
×
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0
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Figure 19: Domains for the momentum integral (D.8). Labels coincide with those in (D.7) and (D.9).
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Figure 20: Domains for the momentum integral (D.8). Labels coincide with those in (D.7) and (D.9).
In the previous expression B denotes the generalized incomplete beta function,
B(z1,z2)(a, b) ≡
∫ z2
z1
ta−1(1− t)b−1dt . (D.11)
In the limit |kτi|  1 (D.10) can be approximated as a power series in |kτi|,
8pi2I10 ' |kτi|−α−βCαβ(k/k0) + |kτi|
−β
2− β
[
2
1− β + β
(
k
k0
)β−2]
− α+ 3β
4(α+ β)
−
(
β + 1
1− β +
1
α+ β − 1
)
|kτi|−1 . (D.12)
where the function Cαβ(k/k0) has been defined in (4.6).
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Case 6 can be evaluated in a similar way, albeit in this case it is the F-domain only the one that
we disregard. Here integration leads to the following expression,
8pi2I6 ' 1
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In the last line we have approximated the transcendental functions by working in the limit |kτi|  1.
k k0
We now consider those Goldstone modes that were already outside the horizon when scatterings
started, k  k0. For these, cases 1 and 2 in (D.9) are relevant, and it is case 2 the one that will
provide the dominant contribution, given that case 1 applies only for a limited amount of time during
scattering. Similarly to case 10 discussed above, the contribution to the momentum integral of case
2 can be evaluated as follows,
8pi2I2 = 1
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D.3 The Mean Curvature Power Spectrum
Having computed the ensemble averaged momentum integral, we can now proceed to evaluate the
sum (4.2). Here we must break the calculation into three cases, depending on the magnitude of the
Goldstone wavenumber compared to k0 and kf . The most interesting regime for our purposes is
evidently that in which k0  k  kf . In this case we can compute the sum in an analogous manner
to the second term in (B.11), which leads to the following result,
〈δ∆2ζ(k0  k  kf )〉 '
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Cαβ(k/k0)
α+ β − 4
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The k-independent function of the scattering parameter Dαβ is provided in Eq. (4.5). Besides the
lack of scale invariance for strong scattering, further discussed in the main text, we note that the
contribution to the power spectrum coming from sub-horizon Goldstone modes, which corresponds
to the terms in (D.17) proportional to the square of the scattering parameter, can be neglected with
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Figure 21: Ratio of the mean stochastic component of the curvature power spectrum to the adiabatic one,
as a function of the scattering parameter, for k0  k  kf , Ntot = 20 and ∆2ζ,0 = ∆2ζ,Planck. Panel (a) shows
the form of the correction for 2× 10−2 . Ns(σ/H)2 . 90. Panel (b) shows the detail of the correction in the
regime where α+ β > 4. Panel (c) shows the detail of the correction in the regime where α+ β < 4.
respect to the super-horizon contribution, as it would be expected from the discussion in Section D.1.
Note also the agreement with the schematic result (3.12) in the exponential regime.
Fig. 21 shows the dependence on the scattering parameter of the ratio 〈δ∆2ζ〉/∆2ζ,0 for a few
decades in Ns(σ/H)2, for k0 < k < kf . Panel (a) shows the full form of the correction to ∆2ζ . Note
that for Ns(σ/H)2 . 1.5, for which α + β < 4, all curves are approximately the same, manifesting
the scale invariance of the spectrum. Only for the curve for which k ∼ kf there is a visible deviation
from the trend, consistent with the suppression of sub-horizon modes. Note that in this regime the
stochastic component of the power spectrum is never dominant. This can be more clearly appreciated
in panel (c). For Ns(σ/H)2 & 1.5, scale invariance is lost, and the spectator field is in the regime
of exponential excitation. Not only the spread of the curves for different values of k is evident, but
also the steep growth of the power spectrum as a function of the scattering parameter.
In analogy with the previous case, the always-super-horizon scenario with k  k0 can be evaluated
in a straightforward way to give
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 k0)〉 '
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Figure 22: Ratio of the mean stochastic component of the curvature power spectrum to the adiabatic one,
as a function of the scattering parameter, for k  k0, Ntot = 20 and ∆2ζ,0 = ∆2ζ,Planck.
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Note the expected cubic scaling with momenta for any value of the scattering parameter, and the
exponential dependence on Ntot for strong scattering (c.f. Eq. (3.13)).
Fig. 22 shows the dependence of the power spectrum on the scattering parameter for k < k0.
Although not immediately evident due to the compression of the curves due to the enormous amount
of exponential enhancement for large scattering parameter, the cubic scaling is preserved at all scales,
in agreement with our causality argument. The difference between weak and strong scattering is
also marked for this case, with the stochastic component begin subdominant for Ns(σ/H)2 . 1, and
it being by far dominant for Ns(σ/H)2 & 10.
Finally, let us consider the always-sub-horizon case with k  kf . Computation of the sum (4.2)
leads to the following expression,
〈δ∆2ζ(kf  k)〉 '
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Figure 23: Ratio of the mean stochastic component of the curvature power spectrum to the adiabatic one,
as a function of the scattering parameter, for kf < k , Ntot = 20 and ∆
2
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ζ,Planck.
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The proportionality to the square of the scattering parameter Ns(σ/H)2 in the previous result is
expected due to the AS suppression of super-horizon modes.
Fig. 23 shows the ratio 〈δ∆2ζ〉/∆2ζ,0 as a function of the scattering parameter Ns(σ/H)2 for
k > kf . The decrease in power with increasing k is evident for all scattering strengths. Also clear is
the difference in the magnitude of the enhancement for weak and strong scattering, it being negligible
for the former, and exponentially large for the later. Although not immediately clear in the figure,
the difference in the scaling with k must be noted. For weak scattering, 〈δ∆2ζ〉 ∼ k−1, while for
strong scattering, 〈δ∆2ζ〉 ∼ k−2.
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